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SIMIARY
A survey has been made of the history of fatigue since the time 
of Wohler and this revealed the ever-increasing number of problems 
caused by fatigue, ranging from conplex aircraft to everyday 
products. Consideration of fatigue is now an essential part of 
design. The possibility of a fatigue failure in mechanical or 
structural components is usually solved by either 'ad hoc' 
fatigue tests or by a safety margin. Both solutions are expensive 
and can only be avoided by making available suitable design data 
based on carefully planned tests.
In this research a large number of tension bolts and screwed bar 
specimens were tested under constant amplitude loading over a 
wide range of the variables. Planning of the tests made possible 
an analysis which allowed statistical values to be quoted for the 
resulting curves. The theoretical representation of fatigue data 
has been studied and methods are presented which allow computer 
production of comprehensive fatigue design S-N curves. The required 
data to produce the curves is limited to the tensile strength and 
two constants which can be determined from a small number of fatigue 
tests. The principles have been demonstrated for tension bolt 
joints and can be extended to other types of joints.
The designer normally obtains data from 'Standa.rds ' which provide 
the statistically safe strength for materials and components.
This research demonstrates that fatigue data can be presented to 
the designer in a similar manner by the introduction of two 
additional constants.
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Mechanical failures are a pervasive fact of life in our age of 
technology. Ranging from the failure of small items that all of us 
have experienced to the failure of a large complex structure that 
often becomes front page news they have very undesirable consequences. 
The large ones cause loss of life or cause serious injury to many 
people. The minor ones sometimes also cause loss of life or injury. 
Always they cause loss of valuable material and have undesirable 
social and economic consequences. Hence the efforts devoted to 
the prevention of mechanical failure are wide ranging indeed. They 
go from the material scientist studying fundamentals of fracture, to 
the metallurgist assuring that a steel forging meets specification, 
to the design engineer designing a new bridge. Yet despite these 
efforts mechanical failures continue to occur.
Definition of the problem of mechanical failure starts with its mode. 
Modes of failure are classified on the basis that all failures of 
machine and structural components are eventually traced to material 
failure. Following this basis, the investigation of large numbers of 
mechanical failures shows that the primary modes of failure are 
fatigue, stress corrosion, overload failures of brittle nature, over­
load failures of ductile nature and instability associated with 
buckling.
Of these modes fatigue is of primary importance. Indeed, fatigue 
phenomenon due to its significance in design has been of ever-increasing 
concern since the time of Wohler. It is a shared belief amongst the 
authorities on the subject that still not less than 80% of the 
structural failures are fatigue failures.
In order to appreciate the problems that fatigue has brought about at 
every facet of engineering design ip to today, a survey of historical 
development may be found to be quite useful. Fatigue research, Wien 
viewed from this point, has shown a changing nature. In fact the 
interdependence and parallelism between the varying character of 
fatigue study and needs of ever-growing technological design have 
evolved together throughout the last hundred years. At first the limited 
amount of research on the phenomenon of fatigue was carried out almost
entirely on iron and steel, the commonly used structural and 
constructional materials at that time. But the difficulties and 
problems intensified with the advent of relatively high speed engines, 
turbines and machinery because the components of these new appliances 
were required to endure perhaps hundreds of millions of load reversals 
On the other hand, the development of the aviation industry brought 
about its own problems. High strength/weight requirements in this 
field resulted in the widespread use of the alloys of aluminium.
Today various constructional and structural materials are used in 
design. Although engineering applications of these materials involve 
a wide variety of operating conditions, very seldom are mechanical 
components and structural elements subjected only to static loads 
during their entire service history. The majority of components in 
machinery as well as in structural applications experience variable 
loading conditions. Hence as soon as repeated application of stress 
appears on the stage so does the possibility of fatigue failure. The 
significance of fatigue as a design criterion lies above all in this 
fact. Yet despite the progress made so far fatigue failures continue 
to occur. This situation is due in part to the complex nature of 
the fatigue process and the stress material environmental interactions 
involved therein. However, much of the fatigue problem is simply 
due to poor dissemination of available information and to the lack of 
knowledge about 'dos and don’ts'of fatigue design. Although the 
likelihood of a fatigue failure should be an early consideration in 
the design stage it appears quite frequently as an afterthought - the 
result of a failure.
In making decisions about the design and operation of machines aid 
structures proper testing to be performed beforehand constitutes a 
step of crucial importance. While due consideration should be given 
to the general principles of design against failure in a specific 
case under study there still seems to be no other way but to make 
planned experiments because of the uncertainties inherent in the 
material. Only so it is possible to establish the limitations of 
a particular material with given geometry and under specified service 
conditions.
Any sound generalization about fatigue performance of a material of
which scatter is an inherent property should comprise:
(a) A large number of specimens tested under simulated service 
conditions.
(b) Analysis of experimental data by a statistical method which 
suits best to the nature of fatigue failure.
(c) To formulate fatigue behaviour of any given component since it 
is only then possible to draw significant and quantitative 
conclusions for design puiposes.
This research is of dual character. In general the fatigue phenomenon 
has been surveyed in view of its historical development. In particular 
fatigue behaviour of rolled screwed bars and bolts in tension have 
been investigated.
Screwed bars and bolts are widely used in engines, in machinery of 
various kinds and in structures. They have unique advantages in 
their contribution to ease of assembly and dismantling. They also 
give a comparatively rigid and compact joint and from standpoint of 
static strength are extremely efficient.
On the other hand, the strength of these elements under dynamic loads 
is a matter of considerable inçortance, particularly in view of the 
increasing demand for greater output and longer life in design. Under 
alternating stress conditions due consideration must be given to find. 
out the limitations and possibilities of any kind of bolt so to 
ensure safety and economy in design.
In this study, the bolt and screwed bar were chosen as an example of 
a convenient and important structural feature which could be studied 
in all aspects of these relevant variables. The objective of this 
work is to demonstrate how design data can be produced and presented 
such that the engineer can actually design for the fatigue 
requirements rather than having to correct his product Wien the 
costly failure has occurred.
2. HISTORICAL DEVELOPMENT
2.1 Early History of Fatigue
The problem of fatigue failure in engineering materials is not a
recent one. It has been confronted and studied by engineers, 
metallurgists and scientists for far more than a hundred years. The 
middle of the 19th century witnessed a rapid growth of metallurgy 
and the invention of many new types of high speed machines. At first, 
the attention of engineers and metallurgists was increasingly
attracted by the sudden fracture of the axles of stage-coaches and
soon after by the failures of rolling stock of the rapidly developing 
railway systems. It was noted that such components were made of high 
quality ductile metal and yet the fractures were of a distinctly 
brittle nature with no plastic deformation. The matter appeared all 
the more serious in that the stress produced by the load was not only 
well within the ultimate strength of the material but also less than 
the stress which produced the first plastic deformation. Soon, 
however it was to be noted that these fractures of brittle appearance 
only occurred Wien the metal had been subjected to repeated 
alternating stresses continuing for a long time.
Although the earliest reported fatigue investigation goes back to 
1829, by W. A. J. Albert [2.1-1) who did some tests on iron chains 
under repeated loading, Poncelet in 1839 appears to have been the 
first to associate the word ’fatigue’ with failure under repeated 
loads. The first relevant paper in which this word appeared in the 
title was read by Braithwaite (2.1-2) before the Institution of Civil 
Engineers, London, in 1854. Towards the end of the first half of the 
19th century structural interest in fatigue arose from the increasing 
use of wrought iron structures, particularly bridges, which were 
replacing those of brick and stone in order to meet the demands of 
the expanding railway systems, and in 1847 a commission was appointed 
in England to inquire into the suitability of iron for railway 
structures. Hodgkinson (2.1-3) presented his report on the matter 
in 1849.
However, the first of a series of papers resulting from the systematic 
experimental study of metal fatigue carried out by the German railway
engineer August Wohler (2.1-4) was published in 1858. His 20 year 
work included fatigue tests on full scale axles and on a variety of 
materials in smaller machines under bending, torsion and axial 
loading conditions. Wohler's contribution, apart from the original 
ideas he brought to the mechanical design of test machines, lay in 
establishing reversed-stressing tests in the basic repertoire of the 
mechanical engineer. It may be seen quite clearly from his papers 
that he viewed reversed-stressing tests as an extension of the direct 
stressing tests and looked on the data they provide (the number of 
cycles to failure, N, under a reversed stress of given amplitude, S) 
as of the same basic significance as tensile data, such as breaking 
stress (as he calls it) and elongation. The relation between these 
two quantities, fatigue stress amplitude S and the number of cycles 
to failure, N, as embodied in the S-N curve, has become the basic 
fatigue description of engineering materials. Wohler formulated two 
inportant rules of fatigue:
a) Iron and steel may fracture under a unit stress not merely less 
than the static rupture stress, but also less than the elastic limit, 
if the stress is repeated a sufficient number of times.
b) However many times the stress cycle is repeated rupture will not 
take place if the range of stress between the maximum and minimum 
stresses is less than a certain limiting value. This limiting valueIthas been called 'resistance in service' by Wohler, 'natural rupture 
stress' by Tresca and 'natural elastic limit by Bauschinger. These 
three different terms were all used to denote the fatigue limit.
During the times of Wbhler's experiments, Fairbaim (2,1-5) in 
England carried out a series of experiments on the effect of repeated 
loads on riveted wrought iron girders. In 1886 Baker (2.1-6) 
reported the results of a series of fatigue tests on small specimens 
in machines similar to those used by Wôhler.
At first, following the observation that a fracture of brittle 
appearance occurred when a ductile material was subjected to the 
repeated stresses for a sufficiently long time, it was concluded that 
the metal degenerated and became ' fatigued ' under the action of 
cyclical stress, rather like a human being or an animal, and that its
ductile structure turned brittle. After a few decades, however, 
Bauschinger (2.1-7) proved that this conclusion could not be true. 
Bauschingei^ s experiments showed that there was no difference between 
the tensile strength and percentage elongation of the original metal 
and that of a sample taken from a component fractured by fatigue.
So it was shown in 1890 that no degeneration or fatigue of the metal 
sets in as a result of repeated stressing. Contrary to animal 
fatigue, metal fatigue (as it is widely used today) from the 
engineering viewpoint, is characteristically a cataclysmic process. 
Detection of development before the latter stages is difficult, nor 
is the condition, in general, dissipated by recovery and therefore the 
damage is cumulative resulting in a marked distinction from animal 
fatigue. Bauschinger was also the first to show that the tensile yield 
stress is decreased as a result of previous conpressive loading and 
that under alternating loading the loop varies with repeated loading 
and unloading.
By the turn of the 19th century, some eighty papers on the subject of 
fatigue had been published and fatigue failures had been reported in 
railway rolling stock axles, crankshafts, chains, wire ropes, marine 
propeller shafts and iron structures.
2.2 Fatigue Research 1900 to 1920
Between 1900 and 1920 much of the enphasis on fatigue research was in 
gathering empirical data. Ewing (2.2-1), Rosenhain (2.2-2) and 
Humfrey (2.2-3) studied the mechanism of fatigue with the aid of the 
metallurgical microscope and showed the formation of slip-bands and 
fatigue cracks in iron crystals which had been subjected to repeated 
stresses. In 1900, Gilchrist (2.2-4) put forward the hypothesis that 
a fatigue crack began as a result of localized stresses which exceeded 
the breaking strength of the metal. Bairstow (2.2-5) demonstrated 
the existance of hysteresis of elastic deformations and showed its 
connection with fatigue in 1910. In 1911 a very extensive 
investigation was reported to the Institution of Mechanical Engineers 
in London by Eden, Rose and Cunningham (2.2-6) who had investigated 
the effects of heat treatment, surface finish, form of test specimen 
and many other variables on the fatigue behaviour of both steels and
non-ferrous alloys. Fremont (2.2-7) in his paper presented to the 
Académie des Sciences in 1919 concluded that a machine part will 
withstand alternating stresses indefinitely under the elastic limit 
and if this limit is exceeded it is the accumulation of absorbed 
energy which ultimately produces permanent deformation. On the 
basis of this theory it has been possible to improve the fatigue 
life of certain components by reducing their sizes at some carefully 
chosen points in such a way as to increase the flexibility and thus 
permitting them to absorb a greater quantity of dynamic work.
2.3 1921 to 1939
The period 1921 to 1939 saw the development of two main approaches 
to the problem of fatigue. The first approach selected by 
engineers was an attempt to assess the performance of components in 
service by relatively sinple laboratory tests. The second by 
physicists and metallurgists, who were concerned principally with 
the fundamental aspects of the problem and who attempted to explain 
the phenomenon by changes in the internal structure of the material. 
Broadly speaking, the engineering approach was followed in the 
United States of America, Germany, France and Japan, while in 
England the emphasis was on the more basic aspects of the subject.
A brief review of the period may contain the following main points:
The influence of the mean stress in alternating and fluctuating 
cycles had been widely studied and much useful data obtained. But 
no general relation emerged between mean stress and a safe range of 
stress.
In the belief that design was based entirely on a definite fatigue 
limit or a lengthy endurance limit little regard was paid to the 
shape of an S-N curve, although these were usually carefully 
determined by extensive tests. Also practically no attention was 
paid to the study of variable loadings involving stresses exceeding 
the fatigue limit.
The influence of test frequency was studied. At room temperature no 
unfavourable frequency effect was found ip to the order of 10,000 
cycles per minute. (2.3-1)
Concerning damping properties of the material, it had been suggested 
that high damping capacity was related, in some way, to fatigue 
strength and particularly to low notch sensitivity, but no such 
relations were established. This subject does not appear to be of 
importance in later work.
In order to reduce the long process of endurance testing several 
different ’short-time' methods of determining the fatigue limit had 
been proposed and examined. It was accepted that none of these was 
reliable.
As experience had shown that service failures usually start at a 
discontinuity of geometric form or surface weakness, extensive 
investigations had been made in many laboratories based on the 
designed or accidental cases. While there was much evidence that the 
full theoretical effect of a stress concentration was often realized 
in a static test in which the criterion was failure of simple 
elasticity, the result was different and complicated when the fatigue 
limit was concerned. Generally it was found that the effective stress 
concentration factor, Kf, under cyclic loading was less than the 
theoretical factor, K^. But the difference varied widely from 
material to material also with the size and shape of the discontinuity. 
Further, the notch sensitivity under fatigue of a material was, in 
general, less pronounced for the higher values of K^. The discovery 
of the presence of adverse specimen-size effects Wien discontinuities 
were present led to considerable concern. Various suggestions were 
put forward to account for this scale effect, but as no critical 
experiments were made, no conclusion could be reached.
The direct outcome of studies of stress concentration was the 
adaption of inproved design methods aimed at reducing the effects of 
unavoidable stress raisers. Such methods were based largely on the 
hydrodynamica 1 analogy of stress flow lines and included features 
namely relieving grooves and collars, improved transition fillets 
with or without undercutting, and the introduction of suitable and 
additional stress raisers to reduce the existing effect. These 
measures resulted a marked improvement in fatigue strength. The 
introduction of compressive surface stresses by means of new surface
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treatment methods such as surface rolling and shot-peening led to 
striking improvements. (2.3-2)
For the first time a start was made in the field of combined fatigue 
stresses. Bending and torsional stresses in phase with one another 
were studied. (2.3-3)
The influence of temperature on fatigue strength had received much 
attention. In regard to subnormal temperatures, it was established 
that, down to -40 deg. C., metals exhibited increasing fatigue 
resistance, both in the presence and absence of stress concentrations. 
The general conclusion was reached for the design purposes that where 
both fatigue failure and undue deformation must be avoided, there is, 
for a given material, a temperature up to Wiich fatigue strength is 
of importance and above which the static 'creep' properties become 
more important. (2.3-4)
Due to the considerable increase in certain types of service failure 
where an operating part was subjected to repeated stresses in a 
corrosive environment, an extensive investigation had been made into 
the problem of corrosion-fatigue. Once the nature of the problem was 
recognized, rapid progress was made, mainly by the substitutions of 
more suitable materials and by the use of inhibitors, surface 
treatments and coatings on the material.
A useful start had also been made into the investigation of the 
trouble known as 'frettage-corrosion' or 'fretting' usually 
encountered at surfaces which are in intimate contact and subjected 
to vibration. It was established that relative surface movement was 
an essential condition and that local metallic seizure, with some 
plastic deformat ion, was a primary factor in the action.
The effective stress concentration of fatigue cracks was deteimiined 
experimentally. Batches of specimens were subjected to unsafe ranges 
of stress until cracks were clearly visible; the fatigue limits of 
these pre-cracked specimens were then found by endurance tests. The 
cracks did not spread unless the nominal applied stress range 
exceeded 50 percent of the intrinsic fatigue limit of the material. 
Thus contrary to the expectations based on elastic theory, the 
effective stress concentration of a long, sharp crack had a maximum
10.
value of 2 only. On the practical side, the investigation resulted 
in a recommendation that, after a certain mileage, every railway axle 
was to be removed and critically examined for cracks.
At this time some full-scale fatigue tests including those on bridge 
assemblies and structural members, welded pressure vessels, large 
welded and riveted joints, oil-well drill pipes, aircraft propellers, 
large pipes and bends, complete rear-axle assemblies of motor 
vehicles were carried out.
A specialized group directed the research towards a better 
understanding of the mechanism of fatigue in relation to the 
crystalline structure. Observations of surface characteristics by 
employing the metallurgical microscope and X-ray precision methods 
established slip primarily as a hardening process for all stress 
ranges, safe or unsafe. Also, essentially as a local event, confined 
not only to certain crystals or to regions of any particular crystal, 
but to portions only of a crystal plane, over the whole of which a 
sinple and complete shearing action did not usually take place. But
apart from the general hardening, there was the more important 
secondary effect whereby, under an unsafe range of stress, deformatim 
became intensified in areas of massed slip in which the fatigue crack 
formed.
By the use of X-ray precision methods it was quantitatively 
established that the distortion produced on crystal planes by slip 
was much greater in the slip direction than in the transverse 
direction. Under safe and unsafe ranges alike the structure broke up 
into a disoriented mosaic, with the production of crystallites of 
completely random orientation and a limiting size of 10“  ̂or 10”  ̂cm. 
But these effects occurred also under static straining and were 
accepted as the consequences of plastic deformation and the cause of 
strain-hardening ; they were not discriminative in regard to fatigue 
failure. In a static test to failure, relatively large volumes of 
metal arrive simultaneously at the fracture condition; under fatigue 
that plastic deformation is reached progressively and extremely 
locally. A much deeper insight was thus obtained into the essential 
differences between deformation and fracture conditions in general 
and between static and fatigue failure in particular. (2.3-5)
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2.4 The 1939-1945 War Years
During the 1939-1945 war years, research effort had naturally been 
concentrated on new problems of wartime developments and difficulties 
attending exceptionally severe user conditions (2.4-1)
The practice of shot-peening to improve fatigue strength or life had 
been considerably extended during the war (2.4-2). The need for 
accurate information regarding the varying loadings in service often 
in regions inaccessible during operation, had led to development of 
strain-gauges.
In this period, valuable and detailed information were collected to 
explain fatigue failures in service (2.4-3). Apart from manufacturing 
defects, the primary causes were stress concentration effects and 
surface defects, accelerated in some cases by corrosion and fretting ; 
the press-fit had presented particular problems in this respect. 
Experience in the heavy machine industry had traced the failures to 
the same primary causes (2.4-4).
Much study had been given to the development and critical use of non­
destructive methods of crack detection (2.4-5). The practical 
recommendation made was that, as there was in existence no method for 
determining when fatigue was in operation, a part should be immediatdy 
replaced or repaired Wien a crack was detected in service.
By alterations in design and the development of improved bearing 
alloys special problems encountered in service were solved (2.4-6) 
Breakages of aerial telephone lines had been traced to fatigue due to 
vibration resulting from wind eddies: good results had been obtained 
from improved joints, ties and terminations having specified damping 
characteristics (2.4-7). A proposed basis of design for combined 
stresses was put forward (2.4-8) the fatigue failures of bolts, studs 
and nuts with improved form of design were studied (2.4-9) . The 
general subject of stress concentration was given much attention and 
various methods were developed (2.4-10). But there remained the 
puzzling anomalies of the variation of notch-sensitivity values, and 
of disturbing size effect (2.4-11).
The invention of counting accelerometers led to a very important
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series of measurements of the loads arising on aircraft structures 
during military operations (2.4-12), The loading statistics gathered 
from hundreds of aeroplanes of different types during thousands of 
flying hours gave a fair picture of the nature of varying loads 
arising on aircraft structures. It was then possible to say that 
loads of the order of three-quarters of the ultimate strength of an 
aeroplane wing arise about once in the aeroplane's life, whereas 
loads equal to one-half of the ultimate strength occur roughly 500 
times. From the experimental statistical background it was pointed 
out that the practice of considering the strength of a structure in 
terms of static load or repeated loads of constant amplitude might be 
misleading, especially if these were based on properties of materials 
determined by laboratory tests on small specimens rather than on the 
structures themselves or on structural components. New types of 
investigation were required into random loading effects, including 
different sequences of the same loading. Joints and other regions of 
stress concentration were most likely sources of initiation of 
failure, Wiile, in a redundant structure, partial failure of one part 
might transfer to another an unduly high repeated loading which it 
could not survive. Attention was drawn to the necessity for fatigue 
tests on conplete structures. Finally the suggestion was made that, 
taking rigid maintenance, inspection, repair and ordinary replacement 
for granted, a considered and definite life should be assigned to an 
aircraft structure.
2.5 Post-war fatigue research between 1945-1960
After the war, active interest was maintained on some subjects of 
fatigue study, amongst which were internal stresses, selection of 
material by the designer with special reference to light alloys, 
transition tenperatures, influence of metallurgical structure, and 
techniques of physical metallurgy in the study of fatigue.
Much experimental data were collected and evaluated in relation to 
theoretical and effective stress-concentration factors and to notch 
sensitivity (2.5-1). A three-dimensional model was proposed for 
fatigue under direct stress in terms of the tensile ultimate strength, 
which exhibited relationships between stress range, mean stress of 
cycle, and cycles to failure, for both plain and notch specimens.
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The problem of fatigue in aircraft structures is intensified by the 
continuing trend of development in engine power, aircraft size, 
service requirements. Increased flight speeds meant in a given 
flying time, an increase in the number of gusts encountered and 
higher gust load for a given gust velocity. Developments in materials 
had produced higher static strength but often without proportionate 
increases in fatigue strengths. The serious difficulties placed on 
the structural designer in this exceptionally difficult branch of 
engineering were investigated. And in the U.S.A. a new objective of 
designing for a limited life, with only a small probability of 
failure in selected and non-vital conponents, while still maintaining 
à satisfactory strength/weight radio was developed (2.5-2). This 
involved the determination of repeated service loads and their 
statistical treatment together with a knowledge of the resistance of 
the structure to these loads, taking into account the response of 
the structure.
Due to the characteristic scatter of results, there is no exact 
answer to the question as to the number of cycles, N, which a specimen 
or a component or an assembly will endure before failure. The 
probability of failure P has to be introduced and this involves 
extrapolation, with the derivation of distribution functions of S or 
of N. This subject was fully studied by Weibull (2.5-3) one of the 
earliest European investigators in this field. A series of papers 
by Freudenthal and his associates on the application of statistical 
methods to fatigue was published in 1946 (2.5-4).
The general problem of cumulative damage which is to assess the 
damage suffered from a cyclic history of various stress amplitudes 
and, if possible, to express this in terms of the remaining capacity 
to resist further fatigue action was studied (2.5-5). The absence 
of basic knowledge on which to form a quantitative estimate of total 
physical damage, even in the simplest case of a straight run to 
fracture under a constant stress range has presented a formidable 
difficulty. Also there was no justification for any assumption that 
the damage/cycle ratio rates were similar for different values of 
stress range, or that the total result was independent of the sequence 
in which the stresses were applied.
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Miner (2.5-6) put forward the hypothesis which assumed a linear rate 
of damage and a limiting value of unity at fracture for the 
arithmetic sum of cycle ratio E ^ =1. This approach, however 
approximate is helpful in estimating probable life until the facts 
are established. Conparison with experimental data showed that with 
approaches to unity value, some wide variations of under and over 
estimation were found.
In September 1956 an International Conference on Fatigue of Metals 
was held at the Institution of Mechanical Engineers in London, and 
it provides a good starting point for reviewing the progress in 
research during the mid 50s. In this conference many papers of 
great importance were presented. For the sake of presenting 
briefly the state of knowledge attained for the period specified 
these papers were divided into the following main subjects;
Stress Distribution
It was shown, by Forrest (2.5-7) using results presented at the 
above-mentioned Fatigue Conference, that if a mean tensile stress is 
siçerimposed, so that the stress fluctuates wholly in tension or 
between unequal values of tension and compression, then the 
alternating stress anplitude that a material can withstand for a 
given endurance is reduced. The addition of a mean compressive 
stress, on the other hand, increases the fatigue strength. It is 
plausible that a tensile stress accelerates the crack propagation 
while a compressive stress inhibits it. Appreciation of the fact 
that any residual stress in the metal has a considerable influence 
on the fatigue strength is very important. As fatigue failures 
generally start to propagate from the surface the resistance of a 
part to fatigue failure may be reduced if there is a residual tensile 
stress at the surface, and may be increased by a residual compressive 
stress at the surface. Some improvements in fatigue strengths were 
obtained by residual compressive stresses introduced by a number of 
surface treatments such as shot-peening, surface rolling, case 
hardening, etc. (2.5-8). In low strength materials the beneficial 
effect arises mainly from the intrinsic strengthening of the surface 
layers, for the residual stresses tend to disappear as a result of 
yielding during subsequent stressing, but in high strength metals the
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effect of residual stress may be predominant. Matson and Roberts 
(2.5-9) by means of strain-peening experiments on a spring steel, 
showed that the great improvements could be achieved by proper 
residual compressive stressing. The adverse effects of some plating 
processes - particularly nickel and chromium - on fatigue strength 
were attributed to tensile residual stresses at the surface and 
improvements were obtained when these stresses were reduced
It might be expected, from the influence of mean stress, that fatigue 
failure is dependent on the maximum value of the tensile stress, but 
for ductile metals, it depends predominantly on the shear stress.
This is evident from a comparison of fatigue strengths in bending 
and torsion; in addition, metallographic observations show that 
fatigue cracks originate within slip bends, which are produced in 
metal by a shearing action. Tests on thick cylinders subjected to 
repeated internal pressure, by Morrison and Perry, showed that the 
fatigue strength was dependent almost entirely on the range of 
maximum shear stress and not significantly on the magnitude of the 
triaxial tension. (2.5-10)
Design Approaches
Since the parts or structures themselves are usually subjected to 
loads of varying amplitude in service there are two basic approaches 
to design. Whenever it is possible to ensure that the fluctuating 
stresses never exceed the fatigue limit or long-life fatigue strength, 
design may be based on these respectively. For some applications, 
however, this is not possible and stresses sometimes greater than the 
fatigue limit must be expected. In such cases, fatigue failure is 
almost overwhelmingly likely if the part is used for a sufficiently 
long time therefore design must be based on a finite life. For this 
purpose, it would be useful to be able to predict the fatigue life 
under stresses of varying amplitude from the results of conventional 
fatigue tests at constant stress amplitude. Miner's Linear Damage 
Low provides the simplest basis for doing this. The assumption is 
made that the application of n^ cycles at a stress range for 
which the number of cycles to failure is causes an amount of 
'fatigue damage' ^  and that failure will occur when Z ^  = 1.Ni
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Although Miner’s Law is used today and still found useful for making 
estimates of the fatigue life, it does not provide a sound way of 
determining the life under all varying stress conditions for a 
number of reasons: firstly, the fatigue strength of some metals, 
notably steel, can be considerably increased by repeated stressing 
below the fatigue limit ; secondly the occurrence of a few heavy 
overloads on a component are likely to introduce residual stresses 
at stress raisers and; thirdly, fatigue cracks produced by high 
stresses can be propagated by stresses well below the original 
fatigue limit. Some attempts were made to derive non-linear laws 
by Liu and Corten (2.5-11) but in view of the above-mentioned 
factors, no law of general application can be expected. Instead, 
full-scale parts have been subjected to programme fatigue tests, 
to find the variations from the cumulative damage given by Miner's 
rule.
Crack Propagation
There had been little reliable data on the rate of propagation of 
cracks until 1956. An investigation at the National Engineering 
Laboratory showed that the early stages of crack propagation for a 
wide range of materials can be expressed by one basic equation 
The tests were made on 10 inch wide sheets, about 0.1 inch thick, 
containing a small central slit. These sheets were subjected to 
fluctuating tensile loads. It has been found that the crack growth 
may be discontinuous, particularly at low ranges of stress, but when 
the growth is continuous, the growth rate for crack lengths up to 
one-eighth of the sheet width can be represented by the following 
equation for all the materials tested:
^  (1)
dN Ng
where 1 is half the length of the crack including the initial slit,
S is the nominal alternating stress on the cross-section, N is the 
number of cycles and Ng is a material constant which may depend on 
the mean stress.
The susceptibility to crack propagation did not appear to be related 
to other mechanical properties. As a crack proceeds a stage is
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reached at which the relatively slow rate of propagation described by 
the above equation suddenly changes to a much higher rate which quickly 
leads to fracture.
Frost has also made a study of the conditions governing the non­
propagating of fatigue cracks (2.5-12). Cracks are sometimes found to 
develop at the root of very sharp notches, reach a certain size, but 
then not propagate further. This behaviour can be illustrated by 
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FIG.2-1 Alternafing stress against
for mild steel rot-bending notched 
specimen [Ref.l 2.5_7)1
All the specimens contained notches 0.05 inch deep, but radii at the 
root of the notch, varying from 0.09 inch to as little as possible, 
were used in order to vary severity of stress concentration. A measure 
of this severity is given by the stress concentration factor, K̂ , 
which is defined as the ratio of maximum local stress in the region of 
a discontinuity or notch, to the nominal stress evaluated by simple 
theory. Frost found that the nominal stress required to start a 
fatigue crack at the root of a notch was in good agreement with the 
theoretical value given by the unnotched fatigue limit, vhich was 
16.75 t/inZ (= 259 N/mm^), divided by and this is represented by 
the curve in Figure 1. However if the nominal stress (based on the
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net area) was less than 5.75 t/in^ (= 89 N/mrn̂ ), the fatigue cracks 
travelled only a short distance from the root of the notch and then
stopped. Thus however sharp the notch, these specimens showed a
minimum fatigue limit of 5.75 t/in^.
Frost carried out tests on specimens containing notches or cracks of 
different depths ; he showed that, provided the notch or crack was 
small compared with the specimen size, the minimum fatigue limit 
(that is, the stress required to propagate the crack) was governed 
by the equation:
S^l = constant (2)
where S is the nominal alternating stress and 1 is the length of the
crack, including the notch. In practice the length of a non­
propagating crack at the root of a sharp notch is usually small, 
compared with the depth of the notch, so that the minimum fatigue 
limit can be determined approximately by substituting the depth of 
the notch for 1 in equation (2). The occurrence of non-propagating 
cracks was known many years before their presence was recognized in 
notched fatigue specimens, tested at constant stress airplitude. Such 
cracks are often found, for exanple, in locomotive axles at the press- 
fit with the wheel; they are a result of stress concentration or 
fretting corrosion. The presence of a fatigue crack in a component 
in service is almost always a source of danger, because the occurrence 
of an unusually high load may be sufficient to propagate an existing . 
fatigue crack or even to cause conplete failure by static fracture.
Low Cycle Fatigue
There are a number of applications where engineering parts are 
subjected to only some hundreds or thousands of stress reversals 
during their working life; for example, pressure vessels, the landing 
gear of aircraft, the working parts of guns, aero-engines. For such 
low endurances, ductile metals are able to withstand an appreciable 
repeated plastic deformation. Consequently, the stress is not 
directly proportional to the strain and it is necessary to draw a 
distinction between resistance to alternating stress and resistance to 
alternating strain. In practice, it is often the resistance to strain
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that is more inportant because fatigue failures almost always 
propagate from regions of stress concentration where the material is 
confined to a given strain range, by the surrounding material 
deforming elastically.
The range of strain, e, that a material can withstand for a given 
endurance will be partly elastic and partly plastic, so that one 
may write:
E = Eg + Ep (3)
where cg and Cp are the ranges of elastic and plastic strains 
respectively.
In an interesting series of experiments. Coffin (2.5-7) showed that 
£p is approximately related to the endurance cycles, N, by the 
relation:
£p /N = constant (4)
Experimental results for a wide range of ductile metals obey this 
relation quite closely for endurances up to about 10^ cycles. 
Moreover, the value of Cp for failure in I cycle, as confuted from 
equation (4), agrees fairly closely with the true strain of fracture 
in a static tensile test. Thus, the repeated plastic strain, Cp, a 
material can withstand is quite closely related to its ductility.
The range of elastic strain, it can withstand, on the other hand,
is directly proportional to its fatigue strength and for short 
endurances this is quite closely related to its tensile strength. It 
is therefore to be expected that, for very short endurances when 
plastic strain predominates, resistance to total alternating strain 
will depend primarily on ductility; and it will depend primarily on 
strength for longer endurances, when elastic strain predominates.
In fact, for quite a wide range of endurance, the strain range is 
almost independent of the material. This was demonstrated by Low 
at the Fatigue Conference (2,5-13) for a number of steels and 
aluminium alloys, copper, brass and phosphor-bronze and subsequently 
by Kooistra (2.5-14) for steels ranging from 25 t/in^ (- 386 N/mm^) 
tensile strength. The practical implication of this result is that, 
for short endurance applications, little may be gained by the use
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of high strength materials.
High Temperature
Failures caused by repeated strains due to rapid changes in 
temperature appeared to be a serious problem. The phenomenon called 
thermal fatigue has been met where high rates of change of 
temperature can occur, for example, the blades and flame tubes of 
gas turbines. Fluctuations in temperature during the operation will 
produce thermal stresses, but experience has shown that failure is 
more likely to result from the much larger expansions and contractions 
when equipment is started or stopped. This was clearly demonstrated 
by full scale tests on a gas turbine.
The resistance of a metal to thermal fatigue was found to be 
dependent basically on three properties; its thermal conductivity k , 
its coefficient of thermal expansion a and its resistance to 
alternating strain e. A high value of k is beneficial because it 
reduces the temperature gradients, while a low value of a is 
desirable because the thermal strains induced are directly 
proportional to it. Values of a and k are known for most metals, so 
that a comparison of the thermal fatigue resistance of different 
metals can be made if e is determined. One method for obtaining such 
data was developed by Coffin [2.5-15) and has been adapted by other 
investigators (2.5-16). It was a thin tubular specimen which was 
rigidly fixed at its ends and alternately heated by a high current 
and air-cooled. The fluctuating temperature produced a fluctuating 
axial strain in the specimen and the test was continued until the 
specimen fractured.
As thermal fatigue failures generally result from the starting and 
stopping of plant, failure is usually the result of a relatively 
small number of stress reversals. Some evidence has been found 
that when the temperature is fluctuating, the value of e is about 
the same as if the temperature were held at the maximum all the 
time. In other words, the resistance to thermal fatigue may be 
thought to be directly related to resistance to alternating strain 
at the maximum tenperature.
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Fretting Corrosion
There was an increased interest in fretting corrosion in order to 
understand its action. It was found that in the early stages of 
fretting, the damage is similar to the wear resulting from 
unidirectional sliding. As fretting proceeds, more wear particles 
are produced and, owing to the small relative movement, these cannot 
escape but build up between two surfaces (2.5-17). Nfetal to metal 
contact ceases at an early stage and subsequent damage results from 
the rubbing of the wear particles against the surface.
The effect of fretting corrosion on the fatigue strength was studied. 
Fenner and Field (2.5-18) showed that the adverse effect results 
predominantly from the first stage of fretting, involving the welding 
and fracture of metal to metal surfaces. The explanation of both 
fretting and corrosion effects was made by Forrest (2.5-19) in the 
way that fatigue cracks are formed at an early stage and most of 
the life is associated with crack propagation.
The resistance to fatigue failure under fretting was shown to increase 
by surface treatments such as shot-peening, surface rolling or by 
the use of surface coatings (2.5-20). The considerable improvements 
that can be obtained with an interference fit was demonstrated by 
Law (2.5-21).
With the aid of tight clamping in a bolted joint a considerable 
proportion of the load can be transmitted by friction between the 
plates, particularly in thin sheet. Fisher and Winkworth (2.5-22) 
obtained an increase in fatigue strength of 4 times by tight 
clamping of the bolts on 1.5 mm thin aluminium alloy sheet. Heywood 
(2.5-23) showed that it is advantageous to combine tight clamping 
with a very close spacing of the bolts.
Mechanism of Fatigue Failure
A better understanding of the processes underlying fatigue failure 
began gradually to emerge from the development of improved and new 
techniques of optical and electron microscopy. Forsyth (2.5-24) and 
Thompson (2.5-25) showed that fatigue stressing resulted in the 
extrusion of thin ribbons of metal from the surface. Hie effect was
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subsequently observed in other metals, the size of the ribbons 
depending on the material and stress conditions. It was also found 
that sharp crevices or intrusions were formed at the surface as a 
result of fatigue stressing. The most significant outcome of the 
work with improved techniques was, without doubt, the detection of 
microfatigue cracks at an early stage in the life of the specimen. 
This was demonstrated by Thonpson(2.5-26) for copper and has been 
observed subsequently on a wide range of materials. The regular way 
in which fatigue cracks spread was shown by Forsyth and Ryder (2.5-27) 
by examination of fatigue fracture surface with a high power optical 
microscope. They showed that one striation is produced by each 
cycle of stress, subjecting an aluminium alloy wing spar to a 
programmed fatigue test.
Industrial Significance
Much of the inpetus for research on fatigue since the Second World 
War has come from the realization of its dangers in aircraft 
structures. One outcome of this interest was the introduction of 
Data Sheets on Fatigue by the Royal Aeronautical Society, which has 
covered a wide range of applications.
Aircraft designers started to direct more attention to the rate of 
propagation of fatigue cracks and also to the static strength of 
cracked structures. It was found that the effect of a crack on the 
static strength was dependent on the ductility of the material. 
Although the strength of mild steel was scarcely affected, fracture 
in aluminium alloys could occur at a stress, based on the uncracked 
area, of only half the tensile strength (2.5-28). In tests on full- 
scale aircraft wings of the aluminium alloy 24 S-T, it was found 
that with 10 percent of the tension area cracked, the static strength 
was reduced by 40 percent (2.5-29).
Another branch of engineering in which fatigue research was actively 
carried out was welding. In 1960, a conference was held in Cambridge 
on the fatigue strength of welded structures. Appreciable 
improvements were obtained in the fatigue strength of welded 
structures by inducing beneficial residual stresses (2.5-30).
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Until the 1960s, much of the emphasis in metallographic research was 
directed mainly at crack initiation. However the discovery that 
microfatigue cracks are formed at an early stage in the fatigue life 
led to the conclusion that a study of the rate of crack propagation 
should be very important in the fatigue process. It then seemed 
certain that there would be an increased interest in crack 
propagation, both on a macro-scale and on a micro-scale. On the 
other hand, there started an increasing practical interest arising 
from the greater use of design for a finite life. The risk of 
fatigue cracks was accepted, provided that they could be prevented 
from causing conplete failure.
2.6 Fatigue Research since 1960
During the last two decades research has increasingly concentrated 
on the subject of crack growth which centres around the whole field 
of fracture mechanics. By the application of fracture mechanics 
concepts, an analytical approach to crack propagation can be 
obtained and this is very important in the fail-safe approach to 
fatigue design. The most inportant aspect of the use of fracture 
mechanics is the single-valued correlation coefficient in the linear 
elastic range between the stress intensity factor, K, and the rate
A3.of fatigue crack growth where a is the crack length and N is the 
number of cycles. The stress iitensity factor, K, is related to the 
stress concentration factor, K̂ , through the following definition 
of the stress intensity factor:
K = lim Kt a IIP (5)
p > 0 2
with and a based ipon the gross cross-sectional area, and p is
the tip radius. For the case of a central slit in a sheet specimen
subjected to tensile loading at right angles to the slit the 
expression for K (with the crack length much smaller than the specimen 
with) becomes :
K = a /üâ (6)
In general the stress intensity will be of this form, but modified 
to account for particular geometry, in which case it can be
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expressed as:
K = a /aira (7)
where a is a factor which takes into account the particular geometry. 
Consideration is recently given to the structural modifications such 
as stringers on the rate of crack growth; however the bulk of 
research in the past has involved specimens of constant thickness in 
which material response rather than structural response can be 
established (2.6-1). The characteristic dependence of the rate of 
fatigue crack growth on the stress intensity factor is shown in the 
following figure.
There are two asymptotic limits 
to the curve. The upper limit 
is set by the fracture toughness 
of the material, K^. The lower 
limit is referred to as the 
threshold for crack growth,
This latter quantity has 
recently been of considerable 
interest, for a new design 
philosophy based upon the 
quantity is emerging. Many 
parts before going into service 
already contain crack-like 
defects as in the case of 
welded joints. Some of these 
parts may have to be designed 
for infinite safe life. In 
the absence of defects this 
would entail designing at 
stresses based on the 10^ life 
of the S-N curve, but in the
presence of defects the new approach is to insure that the stress 
intensity associated with defects is kept below the threshold level 
for crack growth. The rate of fatigue crack propagation can be 
expressed as a function of the stress intensity factor, but to put 






FIG.2.2 A characteristic curve 
of crack growth rate 
against stress intensity 
range [Ref.(2.6.1)1
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given to the modes of separation involved. At low crack growth rates 
i.e. below 25.10“  ̂mm/c at R = 0 (R being the ratio of minimum to 
maximum stress in a sinple loading cycle), a ductile mode of crack 
advance associated with plastic blunting on loading, and tip 
sharpening on unloading is thought to be dominant (2.6-2). At 
higher rates of crack growth where the peak stress intensity 
approaches the fracture toughness, static modes of separation such 
as ductile rupture become operative and accelerate the rate of 
crack growth.
Investigations are continuing to study the effect of various 
parameters on fatigue strength, the aim is to predict by theoretical 
means from basic material data the strain distributions in 
conponents where macroplasticity is involved; to relate strain 
distributions to crack propagation rates in both high cycle and low 
cycle regions and to study the significance of energy changes in 
fracture mechanics.
2.7 Concluding Remarks
Fatigue has now been the subject of research investigations for 
well over one hundred years, and despite the progress made, 
failures continue to occur. This situation is due in part to the 
complex nature of the fatigue process and the stress-material- 
environmental interactions involved therein. However much of the 
fatigue problem is simply due to poor communications. Many 
designers do not know how to deal properly with fatigue and do not 
treat it as a matter of concern until product failures start to 
occur.
In recent years, improvements in analysis rather than inprovements 
in materials resistance to fatigue have been obtained. While it is 
to be hoped that material improvements will be forthcoming, thus 
far this goal has been a difficult one to obtain. Perhaps more 
modest goals such as reduction in scatter, in notch sensitivity, and 
in environmental sensitivity may be more realizable and useful than 
inprovements in average properties. At any rate, a wider 
dissemination of information already available about fatigue design 
would constitute a positive step toward the elimination of fatigue 
failures.
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Today, there are basically two main approaches to design against 
fatigue. In dealing with large sheet structures such as an 
aircraft wing which may contain cracks of significant size, 
application of fracture mechanics approach is generally followed. 
Such structures are aimed to be fail-safe so that in the event 
that fatigue cracks do develop their presence will not be 
catastrophic. On the other hand, there are numerous conponents 
in every field of engineering that are to be designed for a 
safe-life. The S-N properties of the material provide the bases 
for these components.
During the survey of fatigue literature the following remarks 
made by Heywood (2.7-1) on the rolled bolts has drawn attention 
and led to this research work; 'no results appear to be available 
to show the effect of mean stress on bolts having rolled threads’. 
The fatigue life to failure is essential in investigating the 
fatigue characteristics of these bolts in tension and this must 
be determined experimentally.
The designer will be able to assess his problem and find the 
correct solution if he has available the complete fatigue life 
characteristics of his conponent or joint. This knowledge will 
include the mean and alternating loading and the confidence 
limits for his results. This work aims to demonstrate in this 
regard the information required for tension bolts.
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3. SELECTION AND SPECIFICATION OF BOLTS AND SCREWED BARS
3.1 Introduction
As the primary purpose of this research was to study the 
characteristics of bolts in tension, it was not necessary to choose 
any particular grade. It was therefore decided to choose bolts 
that were readily available from the local supplier. This enabled 
the bolts and nuts to be purchased in boxes of 50 and these can 
reasonably be assumed to be a typical batch from continuous 
production. The size of the bolts was determined by the capacity of 
the fatigue machines and this led to the use of 12 mm diameter for 
the Avery Machine and 10 mm diameter for the Amsler Vibraphore. The 
choice was further conditioned by the design of the machine adapters 
for loading the bolts. (See paragraph on Test Adapters.) In 
particular the use of moderate strength test bolts reduced the 
fatigue design problems in the adapters.
On the other hand the choice of commercial grade steel bolts had a 
direct advantage in the investigation of the scatter distribution of 
the fatigue life. It is known that high grade aircraft quality bolts 
are manufactured to close quality control and therefore the standard 
deviation would be reduced making a detail study more difficult 
without altering the principles involved.
3.2 Specification of the bolts
The bolts are generally specified by BS 4190:1967 (3.2-1) and it was 
not considered possible to obtain from the manufacturers any further 
details of their standards. In common with other British Standards 
BS 4190 has been written to provide a standard from the users 
application and not to control the manufacturing methods. The 
specification therefore concludes all dimensions in relation to 
tolerances and finish. It also gives the required range of mechanical 
strength of the finished bolt without reference to the material 
specification. Three material grades are referred to and tensile 
strength and hardness values are given. Details of the geometry of 
bolts are shown in Figure 3.1.
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3.3 Properties of the steel bolts
A sample of the bolts and nuts were used to find the actual 
geometric properties and mechanical strength properties. The 
results of the measurements are given in Table 3.1 and these are 
generally the mean values of a number of measurements. The M-10 
bolts supplied by G.K.N. were in boxes with the BS 4190 
specification and properties do meet that specification with regard 
to geometry. The specification for strength and hardness gives 
minimum and maximum values and the test bolts exceed the properties 
quoted as maximum values for grade 4.6 designation. The M-12 bolts 
were also ordered as low grade 4.6 but no BS number was quoted on 
the box. The results of the tests given in Table 3.1 shows that 
the strength and hardness considerably exceeds BS 4190 grade 6.9 
properties. The mean test properties are therefore used in this 
thesis as a basis for strength reference and not the specification.
Table 3.3 gives the statistical deviation of the strength properties. 
The standard deviation on strength and hardness is quite low as 
would be expected from quantity manufacture. The coefficient of 
variance is between 2 and 3% and therefore if a safe design strength 
is taken as three deviations below mean the reduction is only 6% to 
9% and the design strength is well above specification.
3.4 Properties of the screwed bar
There were no standards with which to conpare the screwed bar data 
given in Table 3.2. The mean values of the strength/hardness 
properties were measured along with all geometric dimensions and 
these are recorded in the table. The strength properties for 
commercial mild steel are not usually specified but comparison 
with BS 970, 'Properties of low carbon steels' show them to be well 
above the lower grades. Details of the geometry of the screwed bar 
are shown in Figure 3.2.
3.5 Microscopic Evaluation of Specimens
3.5.1 Preparation
Sainples along the lines of longitudinal and transverse sections were
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cut from both bolts of 10 mm and 12 mm dia., as well as of screwed 
bar of 40.2 kN ultimate tensile strength. They were ground on 
successively finer grades of wet and dry paper ensuring washing 
between each different paper. The final preparation on diamond 
lapping wheels was performed to produce a stratch condition of less 
than 1 y. Then the surfaces of the samples were etched in 2% nitric 
acid in methanol.
3.5.2 Inspection
The transverse surfaces of the 10 mm bolt and 12 mm screwed bar 
samples, as microscopically evaluated, display the same pattern of 
commercial steel in the annealed condition. The microstructures 
comprise equiaxed-grains of ferrite and pearlite. The proportion of 
pearlite grains to ferrite grains is about 10% suggesting an optical 
carbon assessment of .1%C. The grain size of the screwed bar is 
considerably greater than that of the bolt. Samples have a low 
inclusion count and there is random inclusions of manganese sulphide. 
The material has not been decarburized (Figure 3.3).
The longitudinal sections of the same samples are similar to the 
transverse sections except there are some areas of pearlite 
segregation and pearlite and phosphorus banding. There are indications 
of cold rolling and these are the stretching out manganese sulphide 
and some coirplex silicade inclusions longitudinally. Also grains have 
been deformed due to cold rolling indicated by the flow of material 
around the root of the thread (as shown in Figure 3.4)
Samples of 12 mm bolt displays a microstructure of acicular martensite. 
There is little evidence of spheroidized-carbide precipitating out 
from the martensite and consequently the material has experienced 
very little, if any, tempering (Figure 3.5).
Examination of the longitudinal section confirmed the material to be 
homogeneous with little evidence of banding of segregation as would 
have arisen during rolling. Material was heated up above A3 
temperature on the Fe-C equilibrium diagram to the fully austenitic 
condition and quenched to form a low carbon martens ite (Figure 3.6).
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4. DESCRIPTION OF TEST EQUIPMENT
4.1 Introduction
Fatigue tests of both screwed bars and bolts were carried out on two 
different axial fatigue machines ; a modified Avery-Schenck Pulsator 
of 6 ton capacity and an Amsler 10 ton Vibraphore. A Denison Tensile 
Testing Machine which is of 10 ton capacity was used for tensile tests 
and for calibration of load cells.
In order to attach the specimens onto the machines, four different 
test adapters of high strength steel were designed.
4.2 Avery-Schenck Pulsator
This is a resonant frequency machine with two large coil springs, 
one inside the other (see Figure 4.1). The static load is applied to
one end of the specimen by means of a d.c. motor driving a lead screw
on the one end of the inner spring. Another d.c. motor drives an out
of balance mass which causes the larger outer spring to vibrate and
apply the dynamic load. The specimen is attached between this outer 
spring on the one end and the dynamometer on the other end by means 
of wedge grips. In this way the specimen and the spring are connected 
in series. However since the spring is much more flexible than the 
specimen natural frequency of the machine can hardly be affected by 
the stiffness of the specimen. This is an important feature of this 
machine because after a crack starts to propagate the machine still 
maintains the same dynamic load as before. This is not the same with 
Vibraphore where as soon as a crack starts propagating the machine 
loses resonance and the load reduces very rapidly.
The modified version of the machine is equipped with an electronic 
feed-back control system and a digital display unit of mean and 
alternating loads. The feed-back system provides precise control 
of the applied alternating load and it greatly facilitates exact 
setting of the static mean load. The alternating load cycles are 
recorded on a revolution counter which is driven by a flexible drive 
from the d.c. motor applying dynamic load. The machine is equipped 
with a cut-out which switches the machine off when the specimen 
breaks and the cycle counter can then be recorded at the next
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opportunity. The machine was calibrated previous to testing by means 
of a load cell which was itself calibrated on the Denison Tensile 
Testing Machine.
4.3 Amsler Vibraphore
The Amsler-Vibraphore is driven electromagnetically and it operates 
at the resonant frequency of the mass/spring components as shown in 
Figure 4.2. The electromagnet excites the main moving mass of 
several weights which are attached through grips at the upper end of 
the specimen. The lower end of the specimen is connected through 
the dynamometer to a much heavier opposing mass of relatively 
'infinite' magnitude. The dynamometer measures strains and hence 
the loads on the specimen. Mean stress is applied by means of a low 
stiffness static spring arrangement. The frequency can be varied 
mainly by altering the weights or to a lesser extent by altering the 
stiffness of the test piece. A decrease in the operating frequency 
is obtained by increasing the weights thus a range of 50 Hz to 300 Hz 
can be attained.
This machine has recently been equipped with a 'solid state vibraphore 
conversion electronics' unit. With this new unit the operation has 
been substantially changed in that the power amplifier constantly 
drives the mechanical resonant system in a sinusoidal fashion rather 
than feeding discreet pulses of energy as in the original Ams ler- 
Vibraphore system. While providing a tighter control over the machine 
the new system does not require any tuning during loading or operation. 
All power compensation is fully automatic. The applied load in the 
system is measured electronically thus eliminating the old mirror/ 
optical system. A digital display module with ranges of 1:1 and 
10:1 monitors at the push of a button, the maximum tensile load, 
maximum compressive load, mean load, dynamic load and frequency all 
to ± 1%. Each 100 cycles are counted up to a maximum of 10® cycles 
and the counter can be manually pre-set to shut the machine down at 
a predetermined number of cycles.
4.4 Avery-Schenck Test Adapters
In order to attach the test specimens to this machine two different
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adapters were designed. These were made of high strength steel.
One of them containing an inner screw was used to test the screwed 
bars loaded directly, i.e. without any nuts attached, as shown in 
Figure 4.3. The other one was used both for screwed bars loaded 
through nuts and for 12 mm bolts, as shown in Figures 4.4 and 
4.5a, 4.5b.
4.5 Amsler-Vibraphore Adapters
Two new adapters were designed to fix the specimens onto the 
Vibraphore. The one designed for the screwed bars tested on this 
machine was similar to its counterpart on Avery-Schenck, see 
Figure 4.6. The adapter for the 10 mm bolts was designed to be two 
identical pieces machined from solid steel round bar. It was found 
essential for smooth running of the vibraphore to avoid joints with 
associated damping in the adapters. The design is shown in 
Figure 4.7.
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5. FATIGUE TESTS ON SCREWED BAR
5.1 Early tests covering a range of variables
As an initial approach to the assessment of the fatigue properties 
of screw threads in bolts it was decided to study the thread alone 
by using screwed bar material. Commercially available screwed bars 
of 1 m length were in stock. By cutting equal pieces, each 120 mm 
long, the consistency was maintained in the specimen material as 
they were used in a random order. Static tensile specimens could 
also be taken from among the fatigue specimens to help in the statist­
ical understanding of the basic material properties.
Two alternative methods were chosen to load the screwed bar in 
tension. The first was to screw the specimen ends into screwed 
blocks held in the grips of the fatigue machine as shown in 
Figures 5.1 and 5.2, these are referred to as 'direct loading'.
The second method was considered more relevant to the main topic 
of bolt fatigue and the load applied through nuts in the end 
fittings shown in Figure 4.4. This method involved 
transferring the load through a nut at each end of the screwed bar 
and is equivalent to the nut/thread end of a tension bolt.
A large number of tests were done on the 12 mm dia. screwed bars 
and all the results are collected together in Figure 5.3. There 
are several variables involved which are separated in the following 
Figures 5.4 and 5.5, but it is of value to note that the scatter 
is still not excessive. A mean fatigue life has been produced 
from the equation shown alongside the curve in Figure 5.5. A mean 
load of 15 kN was assumed in evaluating this equation for it was 
meant to represent the average fatigue life of all the specimens.
The curve of the mean fatigue life fits the pattern well. From the 
static test results of Table 3.2 the mean strength of the second 
batch is used in the fatigue equation and two lines giving two 
standard deviation limits in terms of static strength are super­
imposed. It is seen that the majority of results lie within these 
limits and those lying outside the boundaries can be explained in 
terms of the variables in testing the specimens.
The tests made at 10 kN mean load are shown in Figure 5.4 and in
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each case the loading was direct through screwed end fittings. The 
two groups of Vibraphore results are indistinguishable but there is 
a suggestion that the Avery machine gives a shorter fatigue life 
than the Vibraphore, this trend has been noted in other research 
using these machines. Although the higher strength material in the 
Avery gives results comparable with the Vibraphore tests the main 
batch Avery results have a seemingly shorter life over nost of the 
range. While these trends exist the collective results form a 
good fatigue curve with quite a low level of scatter.
The tests done at 20 kN mean load are brought together in Figure 5.5 
and each individual group is seen to give quite a good fatigue curve 
of the same form as that given by the equation in the figure.
5.2 Fatigue tests in the Avery to study scatter distribution
The tests covering a range of variables established some general 
trends which led to a choice of carefully controlled tests to 
investigate particular variables. Some of the existing tests on the 
Avery-Schenck at 10 kN mean load were therefore selected and 
additional tests were carried out at each alternating stress to give 
the results shown in Figure 5.6.
The fatigue fest results have been analysed by the method given in 
chapter 9. The computer program uses the results as input data and 
from this the graph shown in Figure 5.6 is plotted by the computer.
In this figure the 95% confidence limits are also given for each 
level as well as the equation to the curve.
An alternative method of plotting the same results using the computer 
is shown in Figure 5.7. In this case only the mean fatigue life of 
the three results at each stress level is plotted and it is seen to 
compare well with the same theoretical curve.
This method of testing and analysis has been repeated for a mean 
load of 20 kN and the results are shown in Figures 5.8 and 5.9. In 
this case, some individual test results between successive levels 
where three tests were performed are also added on to the graph to 
indicate the relative positions of such tests. Again the theoretical 
equation is given and it is seen to fit the experimental results
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quite well. All the results are shown in tables 5.1 to 5.6.
5.3 Fatigue tests in the Vibraphore to study scatter distribution
A series of new tests was carried out to study the scatter in the 
fatigue life of screwed bars in the Vibraphore. These tests were 
designed similar to those performed in the Avery. Again two mean 
load levels, namely 10 kN and 20 kN,were maintained and three tests 
were done at each selected alternating stress level. Figure 5.10 
shows test results as plotted by conputer for 10 kN mean load. Every 
group together with its confidence limits (y = 0.95) is shown in 
the figure as well as individual test points between successive groups 
along the best-fitting Jefferson's Curve. Isolated tests between 
successive groups were designed to investigate the proximity of such 
random test points to the theoretical curve which was meant to pass 
through the means of three test groups. The relative positions of 
mean values with respect to the theoretical curve are shown in Figure 
5.11 together with the isolated test points.
The same procedure was repeated for 20 kN mean load. Figure 5.12 
shows the results as groups with confidence limits while in Figure 
5.13 the mean values are located. The theoretical curve and individual 
test points are also shown in the figures. The equation of each curve 
is given alongside. Both of the theoretical curves plotted are seen 
to fit the experimental results very well.
5.4 Comparison of the Avery-Schenck and Vibraphore results
Though reasonable fits have been obtained by the Avery-Schenck test 
results, those from the Vibraphore appear to have conparatively better 
fits. The theoretical curves of the Vibraphore tests are everywhere 
within the 95% confidence limits. This is not the case with the 
theoretical curves of the Avery-Schenck test results. One group of 
tests lie to the left of the curve at 10 kN mean load. Exactly the 
opposite holds true for the curve of 20 kN mean load. To some extent 
this discrepancy can be accounted for by the slight lack of smooth 
operation of the Avery-Schenck test machine at a few relatively high 
load levels. On the other hand, the confidence limits belong to 
the mean of the test results at each alternating stress level. Hence
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the equation represents a 50% probability curve at a confidence 
level of y = 0.95. If the confidence level is increased the 
confidence interval will open to probably include the curve within 
the new limits. So the limits will appear to be more meaningful 
if the closeness of the mean to the theoretical curve, associated 
with these limits, are also considered.
From this standpoint the mean value of each group lying either 
side of the curve is quite near to the curve. In general, the 
screwed bars tested in the Vibraphore appear to have longer fatigue 
lives than those tested in the Avery. This distinction may not 
be seen clearly if only the values of the equation constants of 
corresponding curves are compared. In fact, the equation constant 
of the curve of test data from the Avery is nearly 20% higher than 
the corresponding Vibraphore curve at both mean stress levels. This 
result if considered alone can lead to the false inpress ion that Avery 
tests have the longer fatigue lives, but if the effect of the 
endurance limit, Sg, upon the alternating stress, S^, is also taken 
into account the difference can be evaluated. On the other hand, it 
is worth noting that doubling the mean load on each machine has 
caused the constant B to increase to a value approximately twice the 
original value.
5.5 Effect of mean stress on the endurance limit of screwed bar
Tests to investigate the effect of the mean stress on the endurance 
limit were carried out in the Vibraphore. The endurance stress at 
10^ cycles was determined at some selected mean stress levels with 
regular intervals. The endurance stress curve plotted is shown in 
Figure 5.14. This curve closely resembles the Gerber parabola.
This demonstrates that the endurance limit of the screwed bar 
appears to have little dependence upon the mean stress for the range 
where < 0.5 Sj-. However over the range < 0.5 S|. the Gerber 
equation is nearly constant with mean stress and the same trend 
has been noticed previously as one of the characteristics of the 
Jefferson's equation. If it is considered that in design practice 
mean stress is usually held in the above range, Jefferson's curve 
can safely be adopted for design purposes covering that range.
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6. FATIGUE TESTS ON BOLTS
6.1 Introduction
Following on the experience gained in testing screwed bar specimens, 
tests were made on bolts using partly same fittings. In the case of 
bolts the load must necessarily be applied through thç bolt head and 
the nut respectively. The first series of tests were carried out in 
the Avery-Schenck using 12 mm bolts which were consistent with the 
adapters. The second series of tests done in the Vibraphore were 
performed on 10 mm bolts and nuts.
The bolts and nuts were obtained in boxes of 50 to preserve consistency 
as much as possible and over 200 bolts were tested. At each mean load 
tests were made at many stress levels to provide a close coverage of 
the curve of alternating stress against fatigue cycles to failure. To 
provide data for the statistical analysis of Chapter 9, tests were 
repeated at each stress level to give generally between 3 and 7 results.
The test results were typed into the multics conputer program and were 
plotted by the computer to give the graphical results. Given the 
optimum equation constants the program then prints the theoretical 
curve shown on each figure. The program also locates the 95% confidence 
limits and as an alternative figure the statistical mean fatigue lives.
Considering the argument explained in Section 9.3.3 (d) the P-S-N 
curves were calculated and drawn on log-log scale for 10 mm bolts. A 
confidence level of y = 0.90 was chosen and with three probability 
percents, 10%, 50%, 90% best curves were plotted at three mean stresses 
by the least square method.
6.2 Fatigue tests in the Avery-Schenck machine
The tensile strength properties of the 12 mm bolts used in these tests 
are given in Table 3.3 and from these it was decided to concentrate 
a large number of tests at the one mean load level of 20 kN. Three 
tests were made at each of 13 alternating stress levels and the use 
of quite a high level of mean load allowed tests to be made at hi^ 
alternating loads, thus providing results over a wide range of
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fatigue life. The tests were made using the adapter fittings shown 
in Figures 4.5a and 4.5b and as there was a free length of bolt 
between the fittings it was not possible to take compression, that 
is the alternating load must always be less than the mean load.
The test results were plotted by the conputer and are shown in 
Figure 6.1 along with the 95% confidence limits and the coirputer 
fitted theoretical curve. The theoretical equation is given in the 
figure incorporating the stresses relevant to the test conditions 
and the chosen constants.
The test results at each stress level are seen to give a consistent 
and low scatter and generally the 95% confidence limits are around 
the value of 2 : 1 on fatigue life. The range naturally increases at 
the lower stresses toward the endurance stress level. In this 
presentation of the results there appears to be more scatter about 
the theoretical curve at particular alternating stress levels thus 
demonstrating the necessity of making tests at a reasonable number 
of stress levels.
The alternative presentation of the same results in Figure 6.2 plots 
only the mean value to the tests at each alternating stress level. 
Although the same trend is seen as in Figure 6.1 this presentation 
does give confidence to the use of the theoretical curve as a 
representative of the mean fatigue life.
6.3 The effect of mean load on the fatigue life
The second series of tension fatigue tests were done on the 
Vibraphore machine using 10 mm bolts and nuts. The pattern of 
testing and processing of the results is the same as described for 
the Avery machine in Section 6.2. This series of tests is more 
extensive in that the tests are repeated for 3 levels of mean load 
chosen at 10 kN, 15 kN and 20 kN. The possible range of alternating 
load is limited in relation to the mean load because the maximum load 
must be less than the bolt tensile strength and the minimum load 
must be reasonably above zero tension. The individual fatigue test 
results and the confidence limits for the three mean loads are given 
in Figures 6.3 to 6.5 and they show a similar pattern of scatter to 
the results obtained in the Avery. At the 10 kN mean level shown on
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Figure 6.3 the scatter between levels of alternating stress is rather 
worse than the scatter within each level. In this particular case 
the tlieoretical line is not necessarily the best curve. However with 
increasing mean load the theoretical curve fits better and the agree­
ment on Figure 6.5 is good.
The mean result of the tests at each altemating stress level is 
given for the three mean load levels in Figures 6.6 to 6.8. These 
results give good support for the theoretical line particularly at 
the two higher mean loads. The higher mean loads have the advantage 
of allowing full coverage of altemating stress range, which is not 
possible at 10 kN as the top of the curve represents conpressive 
loads in the minimum part of the cycle.
The relationship between the results at the three mean loads is good
and will be discussed in Chapter 10.
6.4 The influence of mean stress on the fatigue limit
The fatigue test program on 10 mm bolts using the Vibraphore machine
was extended to study the influence of mean stress on the fatigue 
limit. Fatigue limit is defined as the stress which gives a life 
just exceeding 10^ cycles, a definition which is often accepted. The 
test results are given in Table 6.1 and the method used was, after 
examining the data of theoretical curves, to make several tests at 
the chosen mean load level to find the highest stress for which the 
bolt could remain unbroken at 10^ cycles. For a range of mean load 
levels the altemating stress which meets the requirement is indicated 
in the table.
The fatigue limit curve which was produced from this test method is 
plotted in Figure 6.9. It is seen that the fatigue limit stress is 
largely independent of the applied mean stress. This behaviour of 
the bolts was noticed by previous researchers (6.4-1).
At the higher mean stresses the maximum tensile stress in the bolt 
approaches its tensile strength and the allowable altemating stress 
decreases rapidly.
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6.5 Comparison of the bolt tests on the Avery-Schenck and 
Vibraphore
Both the Avery and Vibraphore results agree with their respective 
theoretical curves quite well, and deviations from this behaviour are 
usually towards the lower limit of the confidence interval. As with 
the screwed bars one group of bolt tests is an exception to this 
general trend in the Avery-Schenck. At this point of tensile stress, 
which is about 425 N/mm^, the machine was producing excessive altemating 
load which could be expected to reduce the fatigue life as shown in 
Figure 6.1.
Although the tensile strength of 12 mm bolt is considerably higher 
than the 10 mm bolt they both appear to have the same fatigue limit 
at 10^ cycles. Avery test results have shown slightly shorter 
fatigue lives than those obtained from the Vibraphore. However, in 
the case of 12 mm bolt the shorter fatigue lives can to a great extent 
be accounted for by the microstmcture of this bolt type. As shown 
in Figure 3.5 the microstmcture of the 12 mm bolt is martensitic 
and any trace of tenpering can hardly be detected. Microstmcture is 
known to have an inportant role in fatigue and untempered martens ite 
is given as the one with the lowest ratio of endurance limit to 
tensile strength among the main microstmcture types of steel (6.5-1).
6.6 Probability fatigue curves of the bolts
The theoretical curves plotted for the bolts are the mean curves 
representing 50% probability of survival and the confidence interval 
with Y = 0.95 is given for the mean of each test group at every
altemating stress level. In order to examine the effect of probability
attached to the fatigue lives of bolts and after giving due 
consideration to the argument explained in detail in section 9.3.3 (d) 
it was decided to calculate and plot 10%, 50% and 90% survival curves 
of the 10 mm bolts with a confidence of y = 0.90. To this end only 
those groups consisted of 3 or more tests were taken into account for
three mean load levels of 10 kN, 15 kN and 20 kN. The results are
shown in Figures 9.3a, 9.3b and 9.3c plotted on log-log paper. And 
the survival curves are not forming parallel lines but tend to diverge 
as they approach the endurance limit. This situation accrues from the
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fact that scatter increases as the endurance limit is approached.
At any stress level covered by the lines test specimens would be 
between the P = 90 life and P = 10 life, 80 percent of the time 
with only 20 percent falling on either side of the range at a 
confidence level of y = 0.90. This kind of analysis and 
representation of test data, which is used quite often, gives 
satisfactory results on a log-log plot only in the region where the 
S-N curve assumes an approximately straight line. However, this 
kind of plot fails to give any estimate about endurance limit and 
suggests a finite fatigue life right down to zero altemating stress. 
The results excluding those of the P-S-N curves are recorded in the 
tables 6.2 to 6.6.
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7. BASIC FATIGUE RELATIONSHIPS
7.1 Fatigue Limit
In the course of historical development of fatigue phenomenon 
consideration given to the fatigue behaviour of materials has been 
changed to follow a line more or less parallel to the needs of the 
designer. At first, in the belief that design was based entirely 
on a definite fatigue limit, the main objective was to determine this 
value experimentally. Also in the desire to express this limit in 
terms of one or two basic mechanical properties such as ultimate 
strength and/or yield strength, many different formulae were proposed. 
The range of application and the degree of reliability of these 
equations are no doubt limited by various factors such as type of 
loading, surface conditions, material properties, etc. Most of the 
equations of this kind, still widely used today, have been based on 
the rotating fatigue test data of smooth round-bar specimens.
Resulting from the very nature of this loading type stresses are 
alternating with equal tension and compression amplitudes around a 
zero mean. When these equations are to be applied to the similar 
machine parts of the same material under different conditions a set 
of correction factors should be introduced to account for the 
differences in loading condition, surface finish, size, etc. The 
following are but a few examples of this kind of equation currently 
in use:
= 0.454 + 8.4 (N/mm^) for normalized carbon steels [340-700 N/mm^)
S = 0.515 Sf - 24 (N/mm^) for heat-treated carbon steels (400-1300
® N/mm^)
S = 0.383 + 94 (N/mm^) for heat-treated alloy steels (800-1300
® ^ N/mm2)
Sg = 0.484 (N/mm^) for stainless steels (500-1300 N/mm^)
where is the tensile strength of steel, is the fatigue limit at 
10^ cycles. The above formulae are more preferable than the well-known 
assumption that for wrought steels = 0.5 because they have been 
derived considering the microstructure of the steel in question (7.1-1).
7.2 Mean Stress Effect
Taking into consideration the fact that many machine and structural
43,
parts are subjected to alternating loads/stresses superimposed by 
some static loads/stresses substantial investigation of the effect of 
tensile mean stress on long-life fatigue strength has been made. 
Although the general trend indicating that tensile mean stresses are 
detrimental is quite evident considerable scatter exists. The 
earliest attempt to express the variation of the alternating stress 
or the fatigue limit as a function of the mean stress was that of 
Goodman (7.2-1). He assumed that between the limiting values of 
mean stress %  = 0 and Sm = &t, the safely applied alternating stress 
amplitude decreased linearly. Gerber (7.2-2), on the other hand, 
suggested that between those two limiting values of mean stress, 
decrease in alternating stress followed a parabolic law. Two 
additional relationships were later formulated by replacing St with 
Sy (Soderberg line (7.2-3)) and St with of (Morrow line (7.2-4)) 
where Sy and of are the tensile yield strength and true fracture stress, 
respectively.
The following equations represent these tensile mean stress effects :
I^dified (joodman Sa %




=  1 (7.2)
Soderberg Sa Sm 






where S^ and Sĝ  ̂are the alternating stress at some mean stress and 
alternating stress at zero mean stress respectively and St is the 
tensile strength. All four equations have been used in fatigue 
design when modified for notches, size, surface finish and 
environmental effects.
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Investigations made by using either direct stresses or torsion 
stresses have shown that metals of different size, geometry and 
structure vary in their behaviour when a static stress is superinposed 
on the alternating stress. Some maintain a fatigue range almost 
constant and to some extent independent of the static stress. For 
others, the safe range of alternating stress begins to fall as soon 
as any static stress is applied. Although such variations can be 
accounted for by a number of reasons generally two important 
factors must always be taken into consideration in this regard for 
notched parts.
Firstly, mean stresses inherent in the unloaded part are often much 
greater than the mean stresses caused by external loads in service 
or superimposed during testing. Secondly, as long as the maximum 
tensile stress at the notch root of a part does not increase 
appreciably beyond the yield stress of the material until the 
plastic deformation extends over a large area of the specimen cross- 
section, the alternating stress that can be applied safely will 
remain nearly constant along the range of mean stress covering 
general design practice (7.2-5). On the other hand, there is no 
doubt about it that compressive mean stresses cause increase of up 
to 50 percent in the alternating fatigue strength. This point is 
sometimes overlooked since compressive residual stresses can produce 
similar beneficial behaviour (7.2-6).
7.3 S-N equations
Analytical equations relating fatigue life of a part with the 
applied stresses are significant and useful for a number of reasons. 
Whenever the design is to be based on finite life the entire S-N 
curve becomes important. Often the limiting alternating stress can 
be evaluated quite correctly by means of a curve represented by such 
an equation. In fatigue testing they play an important role as a 
guide in determining the number of specimens to be tested and in 
analysing the results from different viewpoints. The fatigue curves 
obtained from different testing machines such as rotating bending, 
push-pull and alternating bending types are generally different for 
the same material.
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The fatigue curve for a particular material is highest for specimens 
subjected to alternating bending and is lowest for those specimens 
subjected to uniform alternating stresses as being the case in a push- 
pull test. Such differences can be traced to two main causes:
(a) Differences in presentation of the results
(b) Differences due to the fatigue process itself
Very recently, Esin (7.3-1) has developed a method for correlating 
the fatigue curves obtained by different methods of testing. This 
method which has been experimentally verified is based on the micro­
plastic strain energy criterion, of which Esin and Jones developed 
a mathematical model in an earlier work (7.3-2).
An S-N equation put forward by Weibull (7.3-3) is as follows :
(S - E) (N + B)'" = A (7.5)
where S is the alternating stress, E is the endurance limit, N is 
the life cycles and A, B, m are constants. In addition to the 
difficulty encountered in evaluating its constants Weibull's 
equation does not include the mean stress among its parameters. 
Throughout this research work a new equation has been used which 
will be explained in the next chapter.
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8. S-N EQUATION PROPOSED BY JEFFERSON
During research at the University of Bath, Dr Jefferson (8.1-1) 




1 - (1 )
St l0g(N + B)
where the following notation is used: 
S^ is the alternating stress ^max ” ^min
Sg is the fatigue limit as N «
St is the ultimate tensile strength of the material
Sjn is the mean stress 
N is the cycles to failure 
B is an equation constant
This equation exhibits the general characteristic shape of the S-N 
curve. It can be seen from the equation that as N approaches to 
infinity the alternating stress is equal to a constant fatigue limit 
and at the beginning of the cycles it is equal to (Sj- - Sĵ ). It 
also satisfies the condition that as the mean stress approaches the 
ultimate for the material the alternating stress, S^, about the mean 
must reduce to zero. The proposed equation has also been fitted
satisfactorily to the mean curve of the R.Ac.S. data on dry lap
joints (8.1-2).
By examining a family of curves drawn at different stress levels 
with arbitrarily chosen values of parameters as shown in Figure 8.1 
the following can be deduced:
The curves with constant mean stress converge rapidly towards a 
common endurance in the range covering the middle life and the 
effect of mean stress on the alternating stress is not appreciable
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throughout the high cycle range. On the other hand, the constant B 
plays a different role as shown in Figure 8.2. An increase in this 
constant causes the middle life portion of the curve to move along 
the horizontal life axis by an amount corresponding roughly to 
the increase of B. Since the life axis is logarithmic an increase 
in the value of B for a range covering low cycles will be more 
pronounced than that produced by the same number of cycles in the 
middle and h i ^  cycle ranges. Contrary to the effect of B the 
endurance stress affects considerably the shape of the curve in the 
high cycle range but becomes less effective at lower fatigue lives 
as shown in Figure 8.3.
Jefferson's equation may be rearranged to obtain an expression 
which relates the alternating stress and mean stress at a constant 
life.
Denoting ^
log (N + B)
= C a constant it becomes
Sa =
1 - 1 -
St - Sm
and rearranging
Sa - Se = S^ 1 -
St - S%,
CSt - s^) [S^ - Sg) = S^.C. CSt - - Sg) C8.2)
In the equation (8.2) if is replaced by the alternating stress 
limit at a zero mean, the equation becomes:
^t ■” Sg) Sg^.C (S^ - Sg) (8.3)
Dividing equation (8.2) by equation (8.3) at the same endurance 
and sinplifying gives :
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q _ _________ !go__________  (8.4)
a ■ , Sm (Sâ  - Se)
1 +  ^ ----------
(̂ t " (̂ t “ Sg)
Equation 8.4 may be conpared with the previously mentioned 
Goodman and Gerber lines to examine the mean stress effect.
Shown in Figure 8.4 together with the appropriate Goodman and 
Gerber lines is one of the interesting features of Jefferson’s 
equation. Unlike the Goodman and Gerber equations, the alternating 
stress at a particular stress level does not vary in direct 
proportion to the alternating stress at zero mean in this equation.
On an S-N diagram lines of constant mean stress, within a design 
range < 0.3 &%, are widely dispersed at low fatigue life and 
very narrowly dispersed in the high cycle fatigue life. Consequently 
with a high alternating load, equation 8.4 shows a curve passing 
between the Goodman and Gerber lines, but with a low alternating 
load, that is at a higher level, the equation falls outside the lines 
(8.1-3). Also for low alternating stresses the Jefferson equation 
assumes that the fatigue life has little dependence upon the mean 
stress level for mean stresses up to about 60 percent of the ultimate 
tensile stress. This distinct characteristic differs the Jefferson 
equation from the others mentioned previously. With this property 
it has been found to fit the experimental data very well. The 
experimental evidence obtained from testing of a large number of 
bolts at the mean stresses up to 50% of the ultimate tensile strength 
has shown that the equation is in a close agreement with the very 
behaviour of the bolts under the mean loads of specified region.
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9 METHOD OF ANALYSIS AND COMPUTATIONS
9.1 Introduction
During the last few decades the growing concern with fatigue has been 
the result of the greater demands made upon the reliability of 
components and structures. The most inportant area of the modern 
technology is the aircraft industry where the consequences of a 
failure may involve heavy loss of life. There is also pressure from 
designers because of the increasing competition of new materials and 
the need to avoid uneconomic over-design accruing from large safety 
factors. The fatigue strength of the material has already become the 
limiting factor in many branches of engineering. Many investigators 
have justified the use of statistical methods in fatigue by pointing 
to the differences found in the lives of nominally identical specimens 
when tested at the same stress level. Although it can be attributed 
to the various factors such as test techniques, specimen preparation, 
variations in the material and variability of the fatigue mechanism 
the causes of the scatter are not completely known. Scatter is 
usually greater in unnotched polished specimens than in notched or 
cracked specimens. The greater scatter especially at low stress 
levels in these smooth unnotched specimens can be attributed to the 
greater percentage of life needed to initiate small microcracks and
then macrocracks. At higher stress levels a greater percentage of
the fatigue life involves propagation of macrocracks. Tests involving 
only fatigue crack growth under constant amplitude conditions usually 
show scatter factors of 3 or less for identical tests (9.1.1). Thus 
it is reasonable to think that the greatest scatter in fatigue involves 
the initiation of microcracks and small macrocracks. In notched 
specimens and components, cracks form faster, and consequently a 
greater proportion of the total life involves crack propagation that
has less scatter. By and large, the variability is such that the life
at a particular stress can not be described by a single value and 
statistical distribution functions must be used. The problem of 
estimating unknown parameters in postulated mathematical relationships 
v4iere there is scatter in the results, is essentially a statistical 
one. Also statistics is very helpful in economizing in the number of 
tests to be perfomed. Hence it can provide guidance on the design
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of experiments.
Conversely, it can be argued that numerous parts and components 
so far produced without giving due, if any, consideration to the 
statistical techniques have worked and are still working reasonably 
well.
So why are statistics an integral part of the design especially in 
fatigue? What has saved those products and consequently the people 
involved may be one of the three things: Either the products were
designed with very large safety factors or the users operated them 
at very low loads; or the real criterion of these designs was not 
structural integrity but rigidity, wear, bearing area, etc.; or 
what is most likely, the Good Lord looked after them (9.1-2).
As stated above, if nominally identical specimens of the same 
material are tested at the same stress level, they will break after 
various numbers of cycles. The actual number of specimens tested 
represents only a small percentage of what is usually available.
Though in practice an entire batch of a certain material would never 
be devoted solely to test specimens, the notation exists of a 
’population’ which consists of all possible specimens. If the 
conplete population of specimens were tested to failure at a particular 
stress level, then a probability distribution would be defined by the 
number of specimens failing at different lives. Only then it would 
be possible to assign a probability to any particular specimen 
reaching a given life at this stress level. The sample of specimens 
actually tested provides an estimate of this probability distribution.
9.2 The log-normal distribution
Estimating the distribution of lives at a particular stress level, 
the so-called P/N relation at constant S, depends upon the assumed 
distribution of lives. When large numbers of tests have been carried 
out, the P/N distribution appears to be skew. It was suggested by 
Muller-Stock (9.2-1) that the logarithms of the lives can be 
considered as normally distributed. This has been shown as being a 
reasonable assumption in many cases (9.2-2). Freudenthal has shown 
that the log-normal distribution is a reasonable approximation
5]
to the distribution of the extent of progressive damage, if it is 
assumed that as a first approximation the effect of each cycle is 
directly proportional to the amount of damage produced (9.2-3).
Mathematically speaking, if x is a random variable which has a 
log-normal distribution, then x^, logarithm of x will have a normal 
distribution as shown in figures 9.2a and 9.2b:
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A random variable x has a log-normal distribution if
p = f(xj = --- —  exp/2 tt
- (xi- yi)
where the following nomenclature is used:
= log X C9.2)
y^ = x^ f[x^) dx^ = log population mean (9.3)
C9.1)
0^2 = / ” (x-̂  - y^)2 fCx^) dx^ = log population variance (9A)





= log sample standard 
deviation of n values (9.6)
f(x^) is the probability of occurrence of x^. Rewritten in terms of 
fatigue parameters equation (9.1) becomes: .
P = f(N^)
/27
- (% - ŷ )
2 0^2
(9.7)
where is the logarithm of life cycle, is the mean of log N 
and o2 is the variance of log N. These two unknown parameters in this 
function are ŷ  and a^2 and estimates of them may be found in the 
familiar manner:








The accuracy of these estimates depends upon the number of tests to 
be carried out.
Another distribution has been suggested by Weibull, known as the two 
parameter Weibull's distribution, and another the three parameter 
Weibull*s distribution (9.2-4). Freudenthal and Gumbel produced a 
further distribution which has a theoretical foundation known as the 
weakest-link theory. In other words the theory states that ’no 
chain is stronger than its weakest link’ (9.2-5). If the flaws or 
pre-existing cracks in a material are distributed at random, then 
different stresses will cause fracture at different points, and 
interest therefore focuses on the weakest points, that is the 
distribution of the smallest value. This theory was found to 
provide a good fit to data for copper and aluminium but it did not 
give good results with the material having a fatigue limit (9.2-6).
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Both of these two distributions present more computational difficulties 
than the log-normal distribution.
9.3 The use of statistics
The statistical methods of calculation have been used throughout this 
work, to determine the following:
1) The average values of some mechanical and geometrical properties 
of the specimens.
2) To check the suitability of the assumption that the cycle lives 
of specimens at different stress levels follow a log-normal 
distribution.
3) To compute the parameters in the Jefferson's equation which fits 
the test data best and to this end to evaluate the estimates of 
the log-cycle lives.
4) To compute the confidence limits with a confidence coefficient 
Y =0.95 for the mean of the log cycle lives of three or more 
specimens tested at each stress level.
5) To find the best fitting survival curves with 10%, 50% and 90% 
probability at a confidence level with y = 0.9 for the 10 mm 
bolts.
The algorithm of each item above will be explained in detail.
9.3.1
In computing the average values of mechanical and geometrical properties 
of specimens, i.e. the mean and the standard deviation, equations (9.5) 
and (9.6) were used.
9.3.2
A comparison between the Weibull's two parameter distribution and the 
log-normal distribution was made at a stress level \diere the maximum 
number of 7 bolts were tested. The numerical computation can be seen 
in Appendix C. The results showed that there was no appreciable 
difference in the application of either distribution. Due to this 
and the fact that the computations involved in the log-normal
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distribution are more straightforward it was decided that this 
type of distribution would be used throughout in the analysis of 
test data.
The suitability of the application of the log-normal distribution 
for the cycle lives of specimens at the other different stress levels 
was then verified. The procedure used was as follows:
(a) The logarithms of life cycles to failure at each stress level 
were arranged in an increasing order.
(b) To each value of the log of life cycles a corresponding median 
rank was assigned according to the number of tests at that 
level using table (9.1) reproduced from reference (9.3-1).
(c) These data were plotted on normal probability paper with the 
log-life values on the abscissa and the median-rank values on 
the ordinate for each stress level.
(d) A best-fitting line was drawn through each set of points 
pertaining to the same stress level by the least-square 
technique and correlation coefficient for every line was 
calculated.
(e) Each correlation coefficient was tested for its significance 
by comparing it with the value given in table (9.2) reproduced 
from reference (9.3-2).
9.3.3
In order to find the best-fitting Jefferson's curve the following 
procedure was adopted:
(a) The mean and the standard deviation of the logarithms of 
cycle lives were calculated at each alt. stress level where 
at least three specimens were tested. Considering the 
increase in scatter of the lives of specimens as alt. stress 
is decreased at a constant mean stress, the number of 
specimens tested was increased with decreasing alt. stress.
In so doing, the coefficients of variation in the log of 
cycle lives were kept under 3% throughout.
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(b) As for the equation constant, B, various methods may be adopted 
to find its value for the best fitting S-N curve. One simple 
method is to draw the curve through a series of test points and 
then select one of them as appropriate boundary condition. If 
alt. stress and failure cycles associated with this point are 
substituted into the Jefferson’s Equation, together with the 
mean and ultimate tensile stress and a value for endurance 
limit, then B can be solved by iteration.
Another method proposed by Dr Jefferson is to rearrange the 
equation into the following form:
1  .logB
A = ± _____ S, - (9.11)
Sa Sg Sg log (N + B)
Plotting —  versus ^_____  will give a straight line to
Sa log (N + B)
the experimental data. The best fitting straight line, hence 
the best value of B, can then be obtained by making trial 
substitutions for B.
Although the endurance limit is required to apply either of the 
above methods, this limit is not available from the S-N curve.
A new method developed by Dr Vogwell has been adopted in this 
study (9.3-3). Vogwell’s method treats both the constant B 
and the endurance stress level as unknowns. Since two boundary 
conditions are necessary to find these unknowns two points are 
selected from among the test data. In this way the accuracy 
of the fit is improved because the curve will definitely pass 
at least through these two points. If Jefferson’s Equation 
is rearranged to give the endurance limit:
^e -
^a (^t “ (log (N + B) - log B} (9.12)
(S^ - S^) + log (N + B) - S^ log B
Remembering that S is unique for the S-N curve, it is 
cancelled out by replacing the two test points into the equation 
as described in the Appendix D to obtain :
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(Saj - (S^ - SJ.log (N̂  + B) .log (N̂  + B)
+ (Ŝ  ■ " Sai)-1°B + B).log B
- Sal (S,. - - Sa^).log (N̂  + B).log B = 0 (9.13)
where ($a^, N ) and (Sa , N ) are the two test points mentioned 
above. After an initial value of B is assumed, Equation 9.13 
can be solved by iterative method. In this work in order to 
improve the accuracy of Vogwell’s method the mean of the cycle- 
lives of three tests in minimum was replaced into the equation 
instead of a single N value at each alternating stress level.
In addition, the process of selecting two points for 
substitution was repeated for each available pair of points 
along the curve. A computer programme (Appendix A) was used 
to find values of B. This programme gives the corresponding 
value for each B value calculated. Hence it has also been 
possible to compare the endurance limit at 10^ cycles computed 
by Jefferson's Equation with the experimentally determined Sg 
value.
(c) The confidence limits for the mean of the log-cycle lives were 
calculated at each alt. stress level as described in 'A Guide 
for Fatigue Testing and the Statistical Analysis of Fatigue 
Data’ (9.3-4). The procedure described is as follows:
A confidence level, y, is selected, bearing in mind that there 
is a risk of (1 - y) that the interval to be constructed will 
not contain the mean. Also the greater the confidence limit 
the wider the interval.
After choosing y, 3i = (1 - y) /2 and = (1 + y )  /2 are 
computed. Corresponding tĝ  ̂and tg^ values are read from 
table (9.3) ’reproduced from the above reference where they 
are tabulated as functions of (n - 1), - the degrees of freedom 






is the mean of the log-cycle lives at a particular level
s is the standard deviation of the log-cycle lives at that level
n is the number of tests done at the same level.
(d) The P-S-N curves of the 10 mm dia-bolts were plotted for 10%,
50% and 90% probability as shown in Figures (9.3a), (9.3b),
(9.3c) at three different mean load levels. Consideration 
given to the following argument led to calculate and draw these 
curves through those stress levels where at least three tests 
were done. It has been accepted that the logarithm of cycle- 
lives of specimens used in this work is a normally distributed 
random variable. If the parameters of this distribution, y£ 
and a I, were known for the whole population of bolts from which 
the sanple used in this work was taken, then for any preassigned 
percentage P, a number K, could be determined so that P percent 
of the population would have cycle lives exceeding (ŷ  - Ka^). 
However, y^ and were unknown and could only be estimated by 
information obtained from the sample drawn from population.
In this case, it can only be determined a number, k, such that 
the probability of random variable (N̂  - ks) not exceeding 
(y& - Kgjĵ) is exactly y, Wiere y is a confidence level chosen in 
advance, and s are the mean and the standard deviation of the 
cycle lives of n specimens respectively. Hence one can say that 
with a confidence level of y, that at least P percent of the 
population is greater than - ks. The numbers k, one-sided 
tolerance factors, are functions of P, y and n.
If the problem of constructing a specific S-N curve of the bolts 
say, 75 percent survival is considered any point (SjNj) on the 
curve might be expected to give the following information:
If the alternating stress is S^, then 75 percent of the bolts to 
be tested will survive Ni cycles. Since the parameters of the 
fatigue life distribution are not known, the above defined curve 
cannot be constructed. Instead, one can construct a curve 
whereon any point (SL, N„) has the following meaning: If the
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alt. stress is Sg, then with a confidence level of y, at 
least 75 percent of the specimens to be tested will survive 
Ng cycles.
The 10%; 50% and 90% probability curves with a confidence level 
of y = 0.90 were plotted at three mean load levels. To this 
end, k values were taken from the table (9.4) in the ref (9.3-4) 
by considering the percent survival, P, the confidence level y 
and the sample size, n. The value (N^ - ks) was then the 
appropriate abscissa for that particular alt. stress level on 
the curve. The equations of the best fitting curves are listed 
in table (9.5).
9.4 Computer Programs
Two different computer programs were used in this work in addition 
to those used for routine statistics. By means of the first one 
the parameters B and Sg in the Jefferson's Equation were calculated 
for each pair of points from the data belonging to a certain mean 
load level. Most of the points have the mean of a group of tests 
as their abscissa at each stress level.
A copy of this program is given in Appendix A. In order to plot 
the best fitting Jefferson's Curve, the second program was used.
This program in multics language plots the same curve on two 
different sheets. In one it superimposes all the test points with 
the confidence limits, in the other it locates the means of the groups 
together with isolated test points. A copy of this second program 




A survey of the history of fatigue research shows how the occurrence 
of fatigue failures in service conditions compelled a few engineers 
to start designing elementary testing machines and making fatigue 
tests. As use of higher strength steels increased and strong 
aluminium alloys were introduced the demand for fatigue data increased. 
The literature survey shows that with the development of the fatigue 
testing machines and their use in a large number of laboratories the 
fatigue research progresses on an ever-increasing scale. However, the 
majority of this work is usually devoted to a particular engineering 
product with the ’ad hoc’ objective of explaining the failure after 
the event.
From 1950 onwards the amount and diversity of published reports 
giving fatigue data exceed the ability of engineers to conprehend 
and use the data. Most of the information was produced for an ’ad hoc’ 
purpose and in an attempt to use it for another ’ad hoc’ purpose the 
engineer finds himself supplied with some results obtained for a 
component that has no stress concentration or welding which may be in 
contrast to his case under study. Even with a pertinent report 
available he usually comes across the difficulty of having a missing 
parameter. The missing one which may be the mean stress or actual 
alloy strength is due to the large number of variables involved or 
the ^d hoc’ nature of the research.
This research has attempted to analyze one consistent set of fatigue 
tests to determine a theoretical method of presenting the results.
In common with all theoretical methods of analysing experimental 
data an empirical equation is used. If the fact that even Hooke’s 
Law is an empirical equation is recalled, the important feature of 
the equation used appears to be the minimum number of constants 
involved. These constants are few and are meaningful properties of 
the material, particularly the tensile strength and the endurance 
stress.
The fatigue tests have been made on both nuts/bolts and screwed bar
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in tension and good agreement has been obtained over a wide range of 
variables in a large number of individual tests. The reduction of 
the data has been programmed for a computer such that the fatigue 
curves can be plotted by the computer either giving mean life data 
or data at a chosen statistical confidence level.
Tests on the bolts and screwed bar in two different test machines 
have been analyzed at each mean stress and it is considered that 
the accuracy is sufficient to show meaningful differences between 
variables and these will be discussed below. The constants are 
recorded in Table 10.1 and only three are required. The tensile 
strength is obtained by a static tensile test and is a basic data 
item, further the normal statistical scatter is meaningful and can 
be incoiporated into the analysis of the fatigue data. The equation 
constant B is shown in Table 10.1 to have a range of values but 
as it is used in logarithmic form this has a very small effect in the 
case of bolts. Taking into consideration the characteristic 
curve of the bolts it could be reasonable to state one value which 
could be used for a range of bolts, i.e. a value of B for the partic­
ular application. The third constant is the endurance stress and it 
is shown that its value can be defined with reasonable confidence 
for the bolts and screwed bar.
If the wide range of fatigue research which is in progress in many 
laboratories could be recorded as constant B and endurance stress 
values of known tensile strength, it is considered that progress 
would be made in providing useful data for the design engineer.
10.2 The scatter in screwed bar fatigue data
The first series of fatigue tests were made on screwed bars from 
various sources and therefore of varying strength. As figure 5.3 
shows quite a wide scatter band exists to cover this variation. The 
use of two machines and variation of applied mean stress are reflected 
in this figure. The results are typical of some of the published data. 
The graph also shows the boundaries of two standard deviations on the 
static properties and these include the great majority of results.
The scatter in these results is therefore not due to inherent scatter 
in fatigue testing of screwed bar but is largely explainable by
01
controllable basic variables. The effect of using two testing 
machines is clearly shown in Figures 10.5 and 10.6.
In the Figures 5.4 and 5.5 the mean loads have been separated and 
the scatter is seen to reduce. In fact the few results which are 
near the 2s lines are explainable by their tensile strength properties 
Consideration of the different groups of data on the graphs shows 
that the scatter is low within the tests made within controlled 
variables,that is, one material, one testing machine and one mean 
load.
There is a definite trend in the fatigue life as related to the 
tensile strength of the bar. Through the lower and middle range of 
life the higher strength material gives better results as would be 
expected. This difference does tend to disappear as the stress 
levels approach the fatigue limit.
An additional variable, not mentioned above, is the method of 
attaching the screwed bar to the testing machine. As described in 
Section 5.1 two different methods were used and these lead to a 
difference in fatigue lives which is fully explained by the nature of 
the local stresses at the joint.
10.3 The statistical scatter in screwed bar tests
The results shown in Figures 5.6 onwards were obtained from a series 
of tests which were planned to produce statistical data. These 
results show that fatigue tests with controlled variables do produce 
good results. The specimens were commercial quality mild steel 
screwed bar and their production involves the minimum of manufacturing 
control. It is therefore likely that much of the scatter shown is 
actually variation in the screwed bar.
Where the test results are plotted as a single point mean value at 
each stress level as seen in Figure 5.7 and others the results are 
very good. This would appear to be an optimum method of obtaining 
mean fatigue life data. The results also fit the theoretical 
equation given with each graph and give considerable support to its 
accuracy. Typical mean life results are given in Figures 10.1 and
10.3 but it would be wiser to provide design data at a 95%
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confidence level as shown in Figures 10.2 and 10.4.
By comparing the values of the constants in the equations given 
alongside the graphs, that is, B and Se, it is possible to see that 
there exist definite trends between these values. Usually the 
variation in the constants is small and they are related to each 
other. Further work can usefully be done on the trends in these 
constants. Of particular note in these trends is that Figure 5.14 
which shows that the endurance stress varies with the mean stress 
according to a Gerber relation.
10.4 The fatigue properties of bolts
The main interest in this research is in tension bolts and the 
screwed bar tests were introduced to help in this understanding. In 
principle the bolts follow the same pattern as for screwed bar but 
the tests were all planned to determine statistical patterns in the 
fatigue curves. The results are shown in the figures of Chapter 6, 
and again a good agreement is obtained with the theoretical equation. 
The mean values at each stress level gives good agreement with the 
theoretical curve as shown particularly in Figure 6.7.
There are however some fundamental differences from the screwed bar.
It is not suiprising that the fatigue life of the bolts is found to 
be shorter than that of the direct loaded screwed bar due to the 
greater local stress path at the head and the nut. Of considerable 
interest is the fact that the endurance stress for bolts is largely 
independent of the mean load as shown in Figure 6.9. This result 
has been noted by other research workers and this leads to one value 
of the endurance stress in the fatigue equation. As there appears 
to be a relation between the constants B and Sg it follows that the 
value of B is constant for the bolts over the practical range of mean 
load.
The results of Table 10.1 show that for the 10 mm bolts the values of 
B and Sg show small variations. The mean values of the constants 
were used to extrapolate to higher levels of mean load for which test 
results are available in Chapter 6. The correlation between the 
extrapolation and the test results at 10^ and 10® cycles was found to
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be very good, that is well within the expected scatter band. This 
result brings abôut the possibility that the fatigue curve for bolts 
can be defined by one value for B and one for Sg for design purposes
The presentation of typical results both at mean load and at 95% 
confidence level are shown in Figures 10.7 to 10.10. This presentation 
does give clear comparisons as is demonstrated by Figure 10.10 where 
the high tensile strength of the 12 mm bolts in the Avery machine 
affects the shorter lives quite clearly. At longer lives the 
differences between the two bolts and the two testing machines largely 
balance each other.
10.5 Basic fatigue relationships
In chapter 7 the fatigue equations which have been used for many years 
are reviewed. These equations were originally designed to relate the 
endurance stress to mean but have been extended to shorter fatigue 
lives. At the endurance limit they do fit the results quite well 
although each one suits a particular metal. Some of the equations 
have the disadvantage of requiring too many enpirical constants thus 
many fatigue tests and laborious conputational methods to establish 
the equation.
The equation proposed by Dr Jefferson is discussed in Chapter 8, and 
this has been shown to fit the experimental results. In this form 
it has a constant endurance stress irrespective of mean stress and 
this suits the bolt results reliably well. A comparison of the 
equation with the Gerber and Goodman lines is given in Figure 8.4 
and it is seen that the equations diverge from each other at lives 
towards the endurance limit. For bolts the basic Jefferson equation 
is most suitable and for other applications it is possible to 
incorporate the Goodman and Gerber equations into the Jefferson 
equation.
The effect of varying the mean stress, the constant B and the 
endurance stress is shown in Figures 8.1 to 8.3 and these show how 
the equation is adaptable to the type of component which is 
considered.
11 CONCLUSIONS
A historical survey of fatigue research since the time of Wohler has 
shown an ever-increasing importance of fatigue as a primary cause of 
failure. This situation has created an increasing quantity of ’ad 
hoc’ test data. This research has demonstrated a method of 
presenting comprehensive fatigue data (for.bolts as a typical 
example) in a compact manner which is useful to engineers.
A large number of tests were performed on both bolts and screwed bar 
and the results have been analyzed by a statistical technique which 
has been programmed such that a computer will plot fatigue design 
curves at any chosen confidence level.
A fatigue equation developed at the University of Bath was applied 
to the presentation of the data obtained from screwed bar and bolt 
tests. The accuracy of the equation was increased by introducing 
computer programs to determine the equation constants in the 
equation and to plot the data.
The tests were planned to carefully control all the relevant 
variables and it was particularly found that the mean of up to 7 
tests at each stress level gave a good correlation with the equation. 
The curve would lie within the 95% confidence limits produced by the 
computer for the mean of the groups at each stress level.
The fatigue limits of screwed bars at 10^ cycles followed the pattern 
of Gerber parabola showing a dependence on the mean stress level. In 
contrast to this the nuts and bolts exhibited almost no dependence on 
the mean stress over a practical design range.
The bolts showed shorter fatigue life than the screwed bar due to the 
higher stress concentration by the load transfer through a nut and 
under the head.
Specimens tested in the Vibraphore showed noticeably longer fatigue 
life than those tested in the Avery.
Specimens of high tensile strength displayed longer fatigue lives 
over the low and middle life range but the difference tends to
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disappear as they approach to 10® cycles.
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PROPERTIES OF BOLTS AND NUTS
Unit M-12 Bolt M-10 Bolt




Material - Steel Steel
Mbthod of Production - - Cold rolled
Tensile Strength N/mm^ 981* 590*
.1% Proof Stress N/mm^ 935 513
Hardness VHN 320 175
Length mm 100 93
Length of Shank mm 70 63
Length of Thread mm 30 30
Pitch (course) mm 1.75 1.5
Nominal Shank Dia. mm 12 10
Measured Shank Dia. mm 11.80 9.75
Shank Area (calc.) mm^ 109.4 74.7
Nominal Minor Dia. mm 10.11 8.16
Nominal Pitch Dia. mm 10.86 9.03
Calc. Pitch Dia. mm 10.66 8.78
Nom. Tensile Stress 
Area mm^ 84.3 58
Calc. Tensile Stress 
Area mm^ 81.8 55.3
Height of Head mm 8 7
Radius of Thread Root mm 0.6 0.4
Width Across Flats mm 18.5 16.6
Width Across Comers mm 21.4 19
Unit M-12 Nut M-10 Nut
Designation - V8 Black Nut FCW8 Black Nut
Material - Steel Steel
Measured Hardness VHN 240 208
Thickness mm 10 7.6
Pitch (course) mm 1.75 1.5
Width Across Flats mm 18.50 16.60
Width Across Comers mm 21.4 19
* Based on the nominal tensile stress area
TABLE 3.2
PROPERTIES OF SCREWED BAR






Designation — 150ML2xl20 150MI2xl20 150M12xl20
Material - Steel Steel Steel
Method of Production - Cold rolled Cold rolled Cold rolled
Tensile Strength N/mnf 672* 538* 512*
.1% Proof Stress N/mm? 520 420 400
Hardness VHN 208 166 152
Elastic Modulus kN/mnf 205 205 205
Length mm 120 120 120
Nominal Dia. mm 12 12 12
Measured Dia. mm 11.84 11.84 11.84
Pitch (course) mm 1.75 1.75 1.75
Nom. Minor Dia. mm 9.85 9.85 9.85
Measured Minor Dia. mm 9.75 9.75 9.75
Nom. Pitch Dia. mm 10.86 10.86 10.86
Calc. Pitch Dia. mm 10.70 10.70 10.70
Nom. Tensile Stress Area mnf 84.3 84.3 84.3
Calc. Tensile Stress Area mn^ 83.7 83.7 83.7
Calculated Core Area mm^ 74.7 74.7 74.7
* Based on the calculated core area 
Notes :
1. Dimensions measured and calculated are within the BS 4190 limits.
2. Hardness and tensile strength of the specimens were calculated by 
statistical averaging.
3. Nominal tensile stress area used for bolts is given by the 
following formula:
NOM. TENSILE STRESS AREA = ̂ '^inor ^pitch
Nominal tensile stress area was used to abide by the regulations 
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TABLE 5.1
DATA OF EARLY TESTS OF 4)12-SCREWED BAR 















d 672 10 134 22 295 5,100
d 672 10 134 21 281 29,300
d 672 10 134 17.5 234 85,000
d 672 10 134 12.5 167 642,000
tn 538 10 134 24 321 5,800
tn 538 10 134 20 268 28,500
tn 538 10 134 15 201 72,000
tn 538 10 134 10 134 532,000
tn 538 10 134 7.5 101, 1,830,000
tn 538 10 134 6.5 87 5,400,000*
d 538 20 268 16 214 29,000
d 538 20 268 15 201 35,000
d 538 20 268 12.5 167 49,700 .
d 538 20 268 11 147 70,000
d 538 20 268 10 134 122,600
d 538 20 268 8.5 114 209,800
d 538 20 268 7 94 383,300
d 538 20 268 6 81 1,011,550
d 538 20 268 5 67 2,213,900
d 538 20 268 4 54 14,200,000*
* unbroken specimen 
tn through nuts tests 
d direct tests
TABLE 5.2a 
DATA OF EARLY TESTS OF <j)12-SCREWED BAR

















d 538 10 134 20 268 25,000 -
d 538 10 134 18 241 60,200 -
d 538 10 134 16 214 125,000 -
d 538 10 134 15 201 234,900 614,900
d 538 10 134 14 188 181,100 -
d 538 10 134 13 174 545,700 -
d 538 10 134 12.5 167 426,000 343,000
d 538 10 134 10.5 141 4,573,000 -
d 538 10 134 10 134 1,874,000 5,595,000
d 538 10 134 9 121 4,453,000 6,002,000
d 538 10 134 8 107 14,000,000* 54,000,000*
tn 512 20 268 18 241 34,700 -
tn 512 20 268 17 228 83,000 -
tn 512 20 268 15 201 188,000 -
tn 512 20 268 14 188 234,500 -
tn 512 20 268 12 161 482,500 -
tn 512 20 268 10 134 882,200 -
tn 512 20 268 8 107 1,632,800 -
tn 512 20 268 6 81 2,760,400 -
tn 512 20 268 5 67 14,770,000* -
tn 512 20 268 4 54 11,000,000* -
* unbroken specimen 
tn through nuts tests 
d direct tests
TABLE 5.2b 
DATA OF EARLY TESTS OF (j)12-SCREWED BAR

















d 538 20 268 15 201 46,000 57,000
d 538 20 268 14 188 74,000 -
d 538 20 268 13 174 106,300 -
d 538 20 268 12 161 167,000 -
d 538 20 268 11 147 265,000 -
d 538 20 268 10 134 265,700 310,000
d 538 20 268 9 121 829,000 -
d 538 20 268 8.5 114 2,333,600 -
d 538 20 268 8 107 1,834,000 -
d 538 20 268 7 94 13,800,000* 5,948,000
d 538 20 268 6 81 12,040,000* -
d 538 20 268 5 67 14,050,000* -
tn 538 28 375 9 121 251,500 -
tn 538 28 375 8 107 341,800 -
tn 538 28 375 7 94 40,000,000* -
* unbroken specimen 




































DATA OF ISOLATED TEST POINTS
(j)12-SCREWED BAR - AVERY SCHENCK TESTS







1 20 15 201 35,000
2 20 11 147 70,000
3 20 10 134 122,600
4 20 7 93 383,300
5 20 5 67 2,213,900
(f)12-SCREWED BAR - VIBRAPHORE TESTS
1 10 18 241 60,200
2 10 15 201 234,900
3 10 14 188 181,100
4 10 13 174 545,700
5 10 12 167 782,200
6 10 9 121 6,002,000
1 20 18 241 34,700
2 20 14 188 74,000
3 20 11 147 265,000
4 20 9 121 829,000
TABLE 5.6
FATIGUE LIMIT UATA OF THE 12 mm SCREWED BAR










0 0 10 134 5,172,000 broken
0 0 8 107 10? unbroken
0 0 9 121 10? unbroken
0 0 9.5 127.5 6,349,000 broken
5 67 9 121 3,918,400 broken
5 67 8 107 107 unbroken
5 67 8.5 113.5 107 unbroken
10 134 8 107 107 unbroken
10 134 8 107 10 7 unbroken
15 201 8 107 2,390,000 broken
15 201 7.5 100 107 unbroken
20 268 7 94 107 unbroken
20 268 7 94 5,948,000 broken
20 268 6.5 87 107' unbroken
25 335 6 81 2,924,000 broken
25 335 5 67 107 unbroken
25 335 5.5 73.5 107 unbroken
30 402 5 67 3,172,000 broken
30 402 4 107 unbroken
30 402 4.5 60.5 6,312,500 broken
35 469 3 41 2,118,000 broken
35 469 2.5 107 unbroken
TABLE 6.1
FATIGUE LIMIT DATA OF THE 10 mm BOLT










7.5 129 3 51.7 2,917,000 broken
7.5 129 2.5 43.1 107 unbroken
7.5 129 2.75 47.4 7,009,000 broken
7.5 129 2.6 44.8 107 unbroken
10 172 3 51.7 7,586,000 broken
10 172 2.5 43.1 107 unbroken
10 172 2.6 44.8 107 unbroken
10 172 2.75 47.4 107 unbroken
15 259 3 51.7 4,127,000 broken
15 259 2.75 47.4 107 unbroken
15 259 2.85 49.1 107 unbroken
15 259 2.9 50 9,550,600 broken
20 345 3.2 55.2 2,590,000 broken
20 345 3.1 53.4 7,657,000 broken
20 345 3 51.7 107 unbroken
20 345 2.85 49.1 107 unbroken
25 431 3 51.7 3,305,000 broken
25 431 2.5 43.1 107 unbroken
25 431 2.75 47.4 107 unbroken
25 431 2.85 49.1 8,127,000 broken
30 517 2.5 43.1 1,700,000 broken
30 517 2.25 38.8 4,935,000 broken
30 517 2.15 37.1 107 unbroken



























































































































































































































































































































































































































































































































































































































































































































































DATA OF ISOLATED TEST POINTS
(j)10-B0LT - VIBRAPHORE TESTS







1 15 15 259 7,000
2 15 15 259 7,200
3 15 14 241 9,900
4 15 14 241 10,500
5 15 13 224 9,500
6 15 13 224 9,900
7 15 12 207 14,400
8 15 12 207 15,200
9 15 11 190 19,400
10 15 11 190 20,000
1 20 13 224 8,700
2 20 13 224 9,100
3 20 12 207 9,400
4 20 12 207 10,000
5 20 11 190 13,400
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TABLE 9.1
Median Ranks
J* I 2 3 4
Sample size n 
5 6 7 8 9 10
1 .5000 .2929 .2063 .1591 .1294 .1091 .0943 .0830 .0741 .06702 .7071 .5000 .3864 .3147 .2655 .2295 .2021 .1806 .1632
3 .7937 .6136 .5000 .4218 .3648 .3213 .2871 .2594
4 .8409 .6853 .5782 .5000 .4404 .3935 .3557
5 .3706 .7345 .6352 .5596 .5000 .45196 .8909 .7705 .6787 .6065 .5481
7 .9057 .7979 .7129 .64438 .9170 .8194 .7406
9 .9259 .836810 .9330
• Order number.
TABLE 9.2
T he Correlation Coefficient 
Values of the Correlation Coefficient for Different Levels of Significance
n • I •OS •02 •01 •001 ' n • I •OS •02 •01 •001
I ’98769 •99692 •999507 •999877 •9999988 16 •4000 •4683 •5425 •5897 •70842 •90000 •95000 •98000 •990000 •99900 17 •3887 •4555 •5285 •5751 •6932
3 •8054 •8783 . •93433 •95873 •99116 18 *3783 •4438 •5155 •5614 •6787
4 •7293 8114 •8822 91720 •97406 19 •3687 •4329 •5034 •5487 •6652
5 •6694 •7545 •8329 •8745 •95074 20 •3598 •4227 •4921 •5368 •6524
6 •6215 •7067 •7887 8343 •92493 25 •3233 •3809 •4451 •4869 •5974
7 •5822 •6664 •7498 •7977 •8982 30 •2960 *3494 •4093 •4487 •55418 •5494 •6319 •7155 •7646 •8721 i 35 •2746 •3246 •3810 •4182 •5189
9 *5214 6021 •6851 •7348 •8471 40 •2573 •3044 •3578 3932 •4896
lo 4973 •5760 •6581 •7079 •8233 45 •2428 •2875 •3384 •3721 •4648
II •4762 •5529 •6339 •6835 •8010 50 •2306 •2732 •3218 •3541 •443312 4575 *5324 •6120 •6614 •7800 60 •2108 •2500 •2948 •3248 •4078
13 •4409 •5139 •5923 •6411 •7603 70 •1954 •2319 •2737 •3017 •3799
14 •4259 *4973 •5742 •6226 •7420 80 •1829 •2172 •2565 •2830 •3568
IS •4124 •4821 •5577 •6055 •7246 90 •1726 •2050 •2422 •2673 *3375100 •1638 •1946 •2301 •2540 •3211
TABLE 9 .3
VALUES OF t.
Degree# of F reedom <•.#( <«.*>• h.mtt It.*»» h.tnt
1 ................................... 6  31 1 2 .7 2 5 .5 6 3 .7 127
2 ................................... 2 92 4..30 6 .2 1 9 92 14.1
3 ................................... 2 35 3 .1 8 4 .1 8 5 84 7 .4 5
4 ................................... 2 .1 3 2 .7 8 3 .5 0 4 . CO 5 . CO
5 ................................... 2 .0 1 2 .5 7 3 .1 6 4 .0 3 4 .7 7
0 ................................... 1 .ÎM 2 .4 5 2 .9 7 3 .7 1 4 .3 2
7 ................................... 1 .8 9 2 .3 6 2 .8 4 3 .5 0 4 .0 3
8 .................................. 1 .8 0 2 .31 2 .7 5 3 36 3 .8 3
9 ................................... 1 .8 3 2 .2 6 2 .6 9 3 .2 5 3 .6 9
10 ................................ 1 .81 2 .2 3 2 .6 3 3 .1 7 3 .5 8
1 1 ................................... 1 .8 0 2 .2 0 2 .5 9 3 .1 1 3 .5 0
1 2 ................................... 1 .7 8 2 .1 8 2 .5 6 3 .0 5 3 .4 3
1 3 ................................... 1 .7 7 2 .1 6 2 .5 3 3 .0 1 3 .3 7
1 4 ................................... 1 .7 6 2 .1 4 2 .5 1 2 .9 8 3 .3 3
1 5 ................................... 1 .7 5 2 .1 3 2 .4 9 2 .9 5 3 29
1 6 ................................... 1 .7 5 2 .1 2 2 .4 7 2 .9 2 3 .2 5
1 7 ................................... 1 .7 4 2 .1 1 2 .4 6 2 .9 0 3 .2 2
18 ................................ 1 .7 3 2 .1 0 2 .4 5 2 .8 8 3 .2 0
19 ................................ 1 .7 3 2 .0 9 2 .4 3 2 .8 6 3 .1 7
2 0 ................................... 1 .7 2 2 .0 9 2 .4 2 2 .8 5 3 .1 5
2 1 .................................. 1 .7 2 2 .0 8 2 .4 1 2 .8 3 3 .1 4
2 2 ................................... 1 .7 2 2 .0 7 2 .4 1 2 .8 2 3 .1 2
2 3 ................................... 1 .7 1 2 .0 7 2  40 2 .8 1 3 .1 0
2 4 .................................. 1 .7 1 2 .0 6 2 .3 9 2 .8 0 3 .0 9
2 5 ................................... 1 .7 1 2 .0 6 2 .3 8 2 .7 9 3 .0 8
2 6 ................................... 1 .7 1 2 .0 6 2 .3 8 2 .7 8 3 .0 7
2 7 ................................... 1 .7 0 2 .0 5 2 .3 7 2 .7 7 3 .0 6
2 8 ................................... 1 .7 0 2 .0 5 2 .3 7 2 .7 6 3 .0 5
2 9 ................................... 1 .7 0 2 .0 5 2 .3 6 2 .7 6 3 .0 4
3 0 .................................. 1 .7 0 2 .0 1 2 .3 6 2 .7 5 3 .0 3
4 0 ................................... 1 .6 8 2 .0 2 2 .3 3 . 2 .7 0 2 .9 7
6 0 ................................... 1 .6 7 2 .0 0 2 .3 0 2 .6 6 2 .9 1
1 2 0 ................................... 1 .6 6 1 .9 8 2 .2 7 2 .6 2 2 .8 6
1 .6 4 1 .9 6 2 .2 4 2 .5 8 2 .8 1
Degrees o f Freedom («.«# 4  «M# (#.#«# (##***
W hen the table ia read from  the foot, the tabled values are to  be prefixed with a 
negative sign. Interpolation should he performed using the reciprocals of the degrees of 
freedom.
TABLE 9.4
■k FACTORS' FOR -S AT CURVESV 75 90 95 99 99.9 75 90 95 99 99.9
■ \ y — 0.50 y  -  0.75
3 ................. 0 .7 7 3 1 .4 9 8 1 .9 3 9 2 .7 6 5 3 .6 8 8 1 .4 6 4 2 .5 0 1 3 .1 5 2 4 .3 9 6 5 .8 0 5
4 ................. 0 .7 3 0 1 .4 1 9 1 .8 3 0 2 .6 0 1 3 .4 6 4 1 .2 5 6 2 .1 3 4 2 .6 8 0 3 .7 2 6 4 .9 1 0
5 0 .7 2 2 1 .382 1 .7 8 0 2 .5 2 0 3 .3 6 2 1 .1 5 2 1 .961 2 .4 6 3 3 .4 2 1 4 .5 0 7
6  . . 0  712 1 .3 6 0 1 .7 5 0 2 .4 8 3 3 304 1 .0 8 7 1 .8 6 0 2 .3 3 6 3 .2 4 3 4 .2 7 3
0 .7 0 5 1 .346 1 .7 3 2 2 .4 5 5 3 .2 6 5 1 .0 4 3 1 .791 2 .2 5 0 3 .1 2 6 4 .1 1 8
S 0  701 1.337 1 .7 1 9 2 .4 3 6 3 .2 3 9 1 .0 1 0 1 .7 4 0 2 .1 9 0 3 .0 4 2 4 .0 0 S
9 0 . Ü'J.S 1 .329 1 .7 0 9 2 .4 2 1 3 .2 2 0 0 .9 8 4 1 .7 0 2 2 .1 4 1 2 .9 7 7 3 .9 2 4
10 0 .6 9 4 1 .3 2 4 1 .7 0 2 2 .4 1 1 3 .2 0 5 0 .9 6 4 1.671 2 .1 0 3 2 .9 2 7 3 .8 5 8
11 0 693 1 .3 2 0 1 .6 9 6 2 .4 0 2 3 .1 9 3 0 .9 4 7 1 .6 4 6 2 .0 7 3 2 .8 8 5 3 .8 0 4
12 0.691 1 .316 1 .691 2 .3 9 5 3 .1 8 3 0 .9 3 3 1 .6 2 4 2 .0 4 8 2 .8 5 1 3 .7 6 0
13 0  66(1 1 .313 1 .6 8 7 2.38.8 3 .1 7 5 0 .9 1 9 1 .6 0 6 2 .0 2 6 2 .8 2 2 3  722
14 0 .6 8 9 1.311 1 .0 8 4 2 .3 8 4 3 .1 6 8 1 0 .9 0 9 1 .591 2 .0 0 7 2 .7 9 6 3 .6 9 0
15 ___ 0 6SS 1 .3 0 8 1 .6 8 0 2 .3 7 9 3 .1 6 3 0 .8 9 9 1 .5 7 7 1.991 2 .7 7 6 3 .6 6 1
1 6 ......................... 0.68G 1 .3 0 7 1 .6 7 8 2 .3 7 6 3 .1 5 7 0 .S 91 1 .5 6 6 1 .9 7 7 2 .7 5 6 3  637
1 7 ................. 0 .6 8 0 1 .3 0 5 1 .6 7 6 2 .3 7 3 3 .1 5 3 1 0 .8 8 3 1 .5 5 4 1 .9 6 4 2 .7 3 9 3 .6 1 5
IS 0 6 % 1 .3 0 3 1 .6 7 4 2 .3 7 0 3 .1 5 0 1 0 .8 7 6 1 .5 4 4 1 .951 2 .7 2 3 3 .5 9 5
19 . 0 .6 8 4 1 .302 1 672 2 .3 6 7 3 .1 4 6 0 .8 7 0 1 .5 3 6 1 .9 4 2 2 .7 1 0 3 .5 7 7
20 .............. 0 .6 8 4 1.301 1 .6 7 1 2 .3 6 0 3 .1 4 3 0 .8 6 5 1 .5 2 8 1 .933 2 .6 9 7 3 .5 6 1
21 0 .6 8 3 1 .3 0 0 1 .6 7 0 2 .3 6 4 3 .1 4 0 )0 .8 5 9 1 .5 2 0 1 .9 2 3 2 .6 8 6 3 .5 4 5
22 0 .6 ^ 3 1 .2 9 9 1 .6 6 8 2 .3 6 1 3 .1 3 8 0 .8 5 4 1 .5 1 4 1 .9 1 6 2 .6 7 5 3 .5 3 2
23 0 .*S 3 1 .2 9 9 1 .6 6 8 2 .3 6 0 3 .1 3 6 0 .8 4 9 1 .5 0 8 1 .9 0 7 2 .6 6 5 3 -5 2 0
24 0 .6 8 2 1 .2 9 8 1 .6 6 7 2 .3 5 8 3 .1 3 4 0 .S 4 5 1 .5 0 2 1 .901 2 .6 5 6 3 .5 0 9
25 . 0 .6 S 2 1 .297 1 .6 6 0 2 .3 5 7 3 .1 3 2 0 .8 4 2 1 .4 9 6 1 .8 9 5 2 .6 4 7 3 .4 9 7
y -  0.90 ' y  — 0.95
3 .............. 2 .6 0 2 4 .2 5 8 5 .3 1 0 7 .3 4 0 9 .6 5 1 3 804 6 .1 5 8 7 .6 5 5 10 552 1 3 .8 5 7
4 ___ 1 972 3 .1 8 7 3 .9 5 7 5 .4 3 7 7 .1 2 8 2 619 4 .1 6 3 5 .1 4 5 7 .0 4 2 9 .2 1 5
5 1 .698 2 .7 4 2 3 .4 0 0 4 .6 6 6 6 .1 1 2 2 149 3 .4 0 7 4 .2 0 2 5 .7 4 1 7 .5 0 1
6 .............. 1 .5 4 0 2 .4 9 4 3 .0 9 1 4 .2 4 2 5 550 1 .8 9 5 3 .0 0 6 3 .7 0 7 5 .0 6 2 6 .6 1 2
7 ................. 1 .4 3 5 2.3.33 2 .8 9 4 3 .9 7 2 5 .201 1 .7 3 2 2 .7 5 5 3 .3 9 9 4 .0 4 1 6 .0 6 1
8 ...................... 1 .3 6 0 2 .2 1 9 2 .7 5 5 3 .7 8 3 4 .9 5 5 1 .6 1 7 2 .5 8 2 3 .1 8 3 4 353 5 .6 8 6
9 ......................... 1 .302 2 .1 3 3 2 .6 4 9 3 .6 4 1 4.1  <2 1 .5 3 2 2 .4 5 4 3 .0 3 1 4 .1 4 3 5 .4 1 4
10 1 .257 2 .0 6 5 2 .5 6 8 3 .5 3 2 4 .6 2 9 1 .4 6 5 2 .3 5 5 2 .9 1 1 3  981 5 .2 0 3
11 .............. 1 .2 1 9 2 .0 1 2 2 .5 0 3 3 .4 4 4 4 .5 1 5 1.411 2 .2 7 5 2 .8 1 5 3 .8 5 2 5 .0 3 6
1 2 ................. 1 .188 1 .966 2 .4 4 8 3 .3 7 1 4 .4 2 0 1 .3 6 6 2 .2 1 0 2 .7 3 6 3 .7 4 7 4 . GOO
1 3 ................. 1 .162 1 .9 2 8 2 .4 0 3 3 .3 1 0 4 .341 1 .3 2 9 2 .1 5 5 2 .6 7 0 3 .6 5 9 4 .7 8 7
14 1 .1 3 9 1 .8 9 5 2 .3 6 3 3 .2 5 7 4 .2 7 4 1 1 .2 9 0 2 .1 0 8 2 .6 1 4 3 .5 8 5 4  690
15 1 119 1 .8 0 6 2 .3 2 9 3 .2 1 2 4 .2 1 5 1 .2 6 8 2 .0 6 8 2 .5 6 8 3 .5 2 0 4 .6 0 7
1 6 ................. 1 .101 1 .8 4 2 2 .2 9 9 3 172 4 .1 6 4 1 .2 4 2 2 .0 3 2 2 .5 2 3 3 .4 6 3 4 .5 3 4
1 7 ................. 1.0S5 1 .8 2 0 2 .2 7 2 3 .1 3 6 4 .1 1 8 1 1 .2 2 0 2 .0 0 1 2 .4 8 6 3 .4 1 5 4  471
1 8 .............. 1 .071 1 .8 0 0 2 .2 4 9 3 .1 0 6 4 .0 7 8 1 .2 0 0 1 .9 7 4 2 .4 5 3 3 .3 7 0 4 .4 1 5
19 ............ 1 .058 1 .781 2 .2 2 8 3 .0 7 8 4 .041 1 .183 1 .949 2 .4 2 3 3 .3 3 1 4 .3G 4
20 . . 1 .046 1 .7 6 5 2 .2 0 8 3 .0 5 2 4 .0 0 9 1 .1 6 7 1 .9 2 6 2 .3 9 6 3 .2 9 5 4 3 19
21 1.03.5 1 .7 5 0 2 .1 9 0 3 028 3 .9 7 9 1 152 1 .9 0 5 2 .3 7 1 3 .2 6 2 4 .2 7 6
22 1 025 1 .7 3 6 2 .1 7 4 3 .0 0 7 3 952 1 .1 3 8 1 .8 8 7 2 .3 5 0 3 233 4 .2 3 8
23 1 .0 1 6 1 .724 2 .1 5 9 2 .9 S 7 3 .9 2 7 1 .1 2 6 1.S69 2 .3 2 9 3 .2 0 6 4 .2 0 4
2 4 .............. 1 .007 1 .7 1 2 2 .1 4 5 2 .9 6 9 3 .9 0 4 1 .1 1 4 1.S53 2 .3 0 9 3 181 4 171
2Ô . . 0 .9 9 9 1 .7 0 2 2 .1 3 2 2 .9 5 2 3 .S 82 1 .1 0 3 1 S38 2 .2 9 2 3 .1 5 8 4  143
* I I I  w lllrh : 
n =  sam ple  size, 
p  *  per i-en t s u rv iv a l ,  a n d  
y  =  con fidence leve l.
TABLE 9.5

















10 172 10 - 0.1039 log N + 0.8120 0.971
10 172 50 - 0.1106 log N + 0.8118 0.989
10 172 90 - 0.1184 log N + 0.8121 0.987
15 258 10 - 0.1075 log N + 0.7894 0.975
15 258 50 - 0.1103 log N + 0.7664 0.981
15 258 90 - 0.1134 log N + 0.7662 0.990
20 345 10 - 0.0998 log N + 0.7226 0.991
20 345 50 - 0.1066 log N + 0.7380 0.989








































































































































































Axis of screw thread
SCREW THREAD PROFILE
012
FIG.3 2 DETAILES OF GEOMETRY OF SCR.-BAR
Transverse section of 012 screwed b a r -  X410
Transverse sect ion of 010 b o l t -  X410
FIG.3 3 M IC R O S T R U C T U R E S  OF SCREWED BAR
A N D  BOLT
Longitudinal section of 012 screwed b a r -  X410
Longitudinal section of 010 bolt -  X410
F IG .3.4 M IC RO STRU C TUR ES OF SC R EW ED  BAR
A N D  BOLT
FIG.3 5 Transverse section of 012 b o l t - X 4 1 0
FIG.3 6 Longitudinal section of 012 bolt _X410














Failure at the first 
thread inside the nut
FIGURE 4.4




FIG. 4 .4  AVERY TE S T  ADAPTERS
Failure at the f irs t  
thread inside the nut012
FIGURE 4 .5 a
TENSION BOLTS TEST RIG FOR AVERY FATIGUE MACHINE
I r
L__
FIGURE 4_5b  
SIDE VIEW OF FIGURE 4 .5 a
CO






FIGURE 4 .7  TENSION BOLTS TEST RIG 
FOR AMSLER -  VIBRAPHORE
I
1






FIG.5.1 SCREWED BAR LOADED WITH  
NUTS IN AVERY-SCHENCK
012
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FIG.5.3 C O LLE C TE D  FA TIG U E  T E S T  R ESU LTS
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F IG .5.4 FATIGUE T E S T  R E S U L T S  OF T H E  0 1 2 -
S C R E W E D  B A R  A T  10 K N  M E A N  L O A D
c^Ë (^E (NE <^E E E E E E
FIG .5.5  FATIG UE T E S T  R E S U L T S  OF T H E  0 1 2
SCREW ED B A R  AT 2 0  & 2 8  K N  M E A N  L O A D
800
700
/e s ts  in the A very  
/vlean L o ad : (OKN 
• Broicen Specimen 
Unbro/cen Specimen 










N -  LIFE CYCLES
FIÛ.5.6 FATIGUE LIFE OF THE SCREW ED BAR
SHOW ING CONFIDENCE L IM ITS
80 0
700
Tests in the Avertj 
Mean Load ; !0  KN 







100 3 G M  ^10334140 
528- /34J Loÿ(34240+N)
0
3 6 74 5
N -  LIFE CYCLES
FIG. 5.7 FATIGUE LIFE OF THE SCREW ED BAR
ALT. STRESS
Tests in the Averÿ 
Mean Load. : 2 0  KhJ 
• Broken Specimen  
9~*'Unbroken Spec/men 






j  fj 20.06 l io3 70748 
“ [  '53Q-26SJ Los(70746-i-N)
0
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N -  LIFE CYCLES
FIG 5.8 FATIGUE LIFE OF THE SC R EW ED  BAR
SHOWING CONFIDENCE L IM ITS
400
ALT. STRESS
Tests in the Avery 
M ean L oaal : 2 0  KSJ 
■ M ean o f 3  Specimens 
• Broken Specimen 
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N-LIFE CYCLES
FIG.5 .9  FATIGUE LIFE OF THE SCREW ED BAR
500
Tests in  the  V /b rapho re  
M e a n  L o a d  : ! 0  K N  ,
•  B ro k e n  S p e c im e n  
^ U n b r o k e n  S p e c im e n  
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N -  LIFE CYCLES
FIG.5.10 FATIGUE LIFE OF T H E  SCREWED BAR
SHOW ING CONFIDENCE LIM ITS
500
Tests in ih e  Vibraphone 
M e a n  L o a d  : iO K N  
■ M e a n  o f  3  Specimens 
• Qrofcen Specimen 
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0
3 5 76
N - L I F E  CYCLES
F IG .SJI FATIGUE LIFE OF THE S C R E W E D  B A R
40 0
Tests in  ihe ^ ib ra p h o re  
Meorn L o a d  : 2 0 K N  
•  B ro k e n  Specim en  
•^■Unbroken Specimen 
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N -  LIFE CYCLES
FIG.5.12 FATIGUE LIFE OF T H E  SC R EW ED BAR
SHO W ING  CONFIDENCE LIM ITS
400
Tests in  the. Vibraphone 
M ean L o a d  : Z O !<N  
■ M ean o f  3  Specim ens  
•  B ro ke n  S pec im en  






3 4 5 6 7
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FIG.6.2 FATIGUE LIFE OF T H E 0 1 2 -B O L T
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FIG.6.3 FATIGUE LIFE OF THE 0 1 0 -B O L T
SHOWING CONFIDENCE LIMITS
^ £ TG H
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FIG.6.4 FATIGUE LIFE OF THE 0 1 0 ' BOLT
SHOWING CONFIDENCE LIMITS
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FIG.6.5 FATIGUE LIFE OF THE 01O-BOLT
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FIG 6.6 FATIGUE LIFE OF THE 010-BOLT
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Flû.8.3 EFFECT OF ENDURANCE STRESS UPO N  
JEFFERSON'S CURVE
S= 320 N/mm 










MEAN STRESS, S (N/m m)
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FIQ.9.3q s u r v i v a l  CURVES OF THE 010 BOLT 
WITH A CONFIDENCE LEVEL J  = 0.90 










o  o\ COT— O  O O O
o’ o o o o
LOo o so i_n 
o o
o mtnomO <=»
FIG.9.3b SURVIVAL CURVES OF THE 010-BOLT  
WITH A CONFIDENCE L E V E L  ^ = 0 .9 0
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FIG.9.3c SURVIVAL CURVES OF THE <^10 BOLT 
WITH A CONFIDENCE LEVEL «*=0.90
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N -  LIFE CYCLES
FIG.10.1 THEORETICAL MEAN LIFE 
OF THE SCREWED BAR (AVERY)
400
10 KN- Mean L. 28582 
2 0 K N - M e a n L .  57759
44.38 
18.69









N -  LIFE CYCLES
FIG.10.2 THEORETICAL LIFE OF THE 
SCREWED BAR AT 9 5 %  CONFIDENCE 
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N -  LIFE CYCLES




( N /mri? )
10 KN Mean L. 18818 
20 KN Mean L. 52802 







N - L I F E  CYCLES
FIG.10.4 THEORETICAL LIFE OF THE  












N - L I F E  CYCLES
FIQ.10.5 COMPARISON OF MEAN LIFE OF THE 
SCREWED BAR BETWEEN THE 
TWO MACHINES ( 1 0 KN-MEAN LOAD)
400










N - L I F E  CYCLES
FIG.10.6 COMPARISON OF MEAN LIFE OF THE 
SCREWED BAR BETWEEN THE 

















FIG.10.7 THEORETICAL LIFE OF THE 012 BOLT 
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FIG.10.9 THEORETICAL LIFE OF THE 010 BOLT 
AT 9 5 %  CONFIDENCE LEVEL  
(V IB R A PH O R E)
o
oo (/)m vo 
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FIG.10.10 COMPARISON OF THE MEAN LIFE 
OF THE 012 AND OF 010 BOLTS 
IN THE TWO MACHINES 
(20 KN-MEAN LOAD)
APPENDICES
A P P E N D I X  A
PROGRAM FOR E V A L U A T I O N  OF C O N S T A N T S  B A N D  Sg
IN J e f f e r s o n ’ s  e q u a t i o n
? n  - r r i  £•  n L L ' H T I C f i  - f l T I G U E  C T M T ^ N T  T: ::* r :r̂  :•
35 A :-"EM 31 LE 3TF EI,;OTH
30 I r * "Ncr: r- 3TFE33 - "
:Z-"ALT EFNhTING :
100 IJ-^*'Fh ILLIFE CYCLE: 1
105 EZ-"AL TEFNATING
110 FX-'TA ILL'FE CYCLES 2
115 GZ = "EC!DATION corISTANT P
120 HZ "̂ENPUFhNCE STFESS
125 FFINT
130 FFINT" EVALUATIONI OF FATIGUE
135 FFINT AT; : INF LIT T3
140 FFINT PT. : INPUT SM
145 FFINT CT, INPUT Hi
150 FFINT l i t ,  ■ INPUT N1
155 FFINT ET, INPUT A2
160 FFINT FT,• INPUT N2
165 P(r:' = 10000
170 FFINT" ITERAT IONEi FOR P"
175 1(2 •=!; (l)+2000
130 FGF 1 =1 TO 20
135 FFINT p(I>
130 IF P(I (=0 THEN P(I/=100
135 Nl^LCiG• ■ p ( I : • >
200 ■ :2-LGG' N1+P(I V:I
205 : :3-L0G(N2 + P (D ) ,110 : ' A1 -A2f ( T 2.-SM - f: IIt: :3215 ' A2i -h 1 : 1122:' ':£-hif• TsH;j-h2
2:0 IF i :  1.0 Tn'EM>£;o 
2:5 IF Sa,-:0 then E(2/=P(1)+2C00 
240 IF 2 (1 :0  THEN E(2>=^(1/-3000 
245 GGTG 265 \
250 P- 14-1 )=E( I - r . - 3 (  I - l  I -1 )-E( I ) ).'(S( I -1 ) -S( I ' )
255 pc- : nt(B (:+ i
260 IF APS 3 : I ' ' : 0 .1  THEN 270
265 NEXT
270 : :7-A : + < TS-SM * (LOO 1,1 +PC - -LOG PC O 
275 ::G= T S-SN ) +LOG N1 f PC : -h 1 *LOG( PC •
230 ZE=INT\100+r:7.'X8;'/100 
2 31 GFEN4.4
232 FFINT^4.CHFI ;. l >"EVALUhTION OF FATIGUE CONSTANT P"
23:: FF INT#4 FPINT**4 FFINT«4
2:5 FF:NT#4.Gf, :FFINT#4.PC







3:0 CFEN 4.4,0 
340 G Nil4
350 -CF J^l TO 3
360 A: J •-3E.N 1-::34LCG PC .'LOG'NU :+pi3\
3~: -F:NT#4.N'T ' . FF::r44.A3' : •
330 V J+ l ;^N : j ' t l  j  
•̂-'0 N'EXT i
APPENDIX B
PROGRAM FOR PLOTTING THE BEST FITTING JEFERSON's CURVE
C $ $ * * * * $ * $ * $ * * * * * $ * * $ * $ * * $ $ * * $ $ $ * * * $ * * $ $ * $ * $ $ * * * $ $ * * *
c  T H I S  PROGRAM I S  P L O T T I N G  GRAPHI CS
c  * * * * * * * * $ * * * $ $ * * * * $ $ * $ * $ $ $ $ * * $ * * $ * $ $ * * $ * * * $ * * * $ $ * $ * *
c
r e a l  n a k ^ n l » n 2 * n 3
d i m e n s i o n  s a k ( 2 2 0 ) » n a k ( 2 2 0 ) f s t l ( 1 0 ) r s t 2 < 1 0 ) f c n t l ( 1 0 ) r c n t 2 ( 1 0 ) f c n i 3 ( 1 0 ) »
I c l l ( 1 0 ) t c t 2 ( 1 0 )
e x t e r n a l  e l o t _ # * c a l e ( d e s c r i p t o r s ) * p l o t - * s e t u p ( d e s c r i p t o r s ) t p l o t - ( d e s c r i p t o r s )  
k = 0  
1=0 
n = 0
r e a d ( 3 S t S 0 3 ) s e » s t f s m r b  
5 0 3  f o r m a t ( v )
6 i f ( n - 3 . 0 e 4 ) 2 0 » 3 » 3
20  n = n + 1 0 0 0
so to 8 
3 i f ( n - 4 • O e S ) 3 0 » 9 f 9
30  n = n + 4 0 0 0
So to 8 
9 n = n + 1 0 0 0 0 0
8  s a = s e / ( 1 . 0 - < 1 . 0 - s e / ( s t - s m ) ) * a l o S l O ( b ) / a l o s l O ( b + n ) ) 
c  * $ * * $ * $ * $ * * $ * * * * $ * $ * * * * * $ * * * * $ * * * * * $ $ * * * * * * $ * * * * * $ * * *
c
i  = i  + l  
s a k ( i ) " s a
n a k ( i ) = a l o s l O ( n )  
i f ( n - 1 . 0 e 7 ) 6 » 7 » 7
7 d o  14  k n = l » 10  
r e a d ( 3 5 » 5 0 3 ) s l » s 2 » n l » n 2 » n 3 » c l » c 2  
k = k  + l
s t l < k ) « s l
s t 2 < k ) = a l o s l O ( s 2 )
c n t l < k ) * a l o s l O < n l )
c n t 2 ( k ) = a l o s l O ( n 2 )
c n t 3 < k ) = a l o s l 0 ( n 3 )
c t l ( k ) = a l o s l O ( c l )
c t 2 < k ) = a l o s l 0 < c 2 )
14 c o n t i n u e
c a l l  P l o t - * s e t u p ( ' J E F F E R S O N- S  E M P . S - N  C U R V E ' » ' N - L I F E  C Y C L E S ' , '
Sa  A L T «ST N / m m 2 ' » 1 » b a s e » 2 » 0 )
c a l l  p l o t _ $ s c a l e ( 3 . 0 »7 . 0 » 0 . 0 » 4 0 0 « 0 )
c a l l  p l o t _ ( n a k , s a k » 2 1 8 » l » ' . ' )
c a l l  P l o t _ ( s t 2 » s t l » 1 0 » 3 , ' * ' )
c a l l  p l o t _ $ s e t u p ( ' J E F F E R S O N - S  E M P . S - N  C U R V E ' »  N - L I F E  C Y CL E S '  » '  
Sa  A L T . S T  N / m m 2 ' » l » b a s e » 2 » 0 )  
c a l l  P i o t - $ s c a l e ( 3 « 0 »  7 , 0 » 0 . 0 » 4 0 0 . 0 )  
c a l l  P l o t - < n a k » s a k » 2 1 8 » 1 » ' . ' )  
c a l l  p l o t - ( c n t l » s t l » 1 0 > 3 » ' * ' )  
c a l l  p l o t - ( c n t 2 * s t l » 1 0 » 3 » ' * ' )  
c a l l  p l o t - < c n t 3 » s t l » 1 0 » 3 » ' * ' )  
c a l l  p l o t - ( c t l » s t l » 1 0 » 3 » ' . ' )  
c a l l  p l o t - ( c t 2 » s t l » 1 0 » 3 » ' . ' )  
$ $ $ * * $ $ $ * * $ $ $ * $ * * * * $ $ * * * * * * * * * * * $ * $ * * * * * $ * $ * * * * * * * $  
s t o p  
e n d
A P P E N D I X  C
Sample Colcu/ations o f Log.normal Analysis for <pio Boits
The io b le  helow is pre .pared  L y  Ihe d a io  ioken  from  ioble b .Z  o i  i O k N  









d = f ( x )
s ' "
/ 5 .3 0 0 ^ 4 0 ^ S. 724 32 .7 6 4 0 .0443 0. 00 224 0.534
1 4 ^ 2 - iO ^ y .  f / . z 33. 764 0 .2 2 4 5 0 .0 5 2 6 7 7-334
3 7 .4 3 0 ^ 1 0 ^ 5. 2 7 / 3 4  464 0.3642 0.013 30 1  (47
4 7. S. 402 3 4 234 0. 5000 0 25000 1 45 /
S f  .4 4 6 ^ 1 0 ^ 5 .  424 3 5 .7 5 3 0 .4 0 3 4 3 J . 7̂ ^
G 70. 2 43 * fo^ 6. 0 /3 36 . 756 0. 7 7 0 5 0 .5 4 3 6 7 4 633
7 70 .532 C,. 0 1 3 . 277 ^  7 0. 22ÛZ4 5  455
S u m  2  = 2 4 3 . 4 3 2 3 . 5 1 . 2 6 2 0 2 I D .  225
In  o rd e r to fm d  the best f i t t in g  straight line o f the form  :
g = Q ^ + Q , X
the coefficients , and Of ore e\/aluoted by means of the  fo llo w in g  formotae
Q = j/ ̂  (3 s ) ( 243 .  432f. (41Z 74 )(20. j2 5) _ ^
~  7 ( 2 4 3 .4 3 Z )  -  ( 4 i . 27 4 )^
^  n ' Ï X c d - Y ^ c ^ d  7 ( 2 0 i 2 5 )  -  ( 4 i 2 7 4 ) ( 3 . S )
n  ------------------------------------------   =  —------------------------------------------------------------------------  — fc . h b
n ^ x f  -  ( Z  Xi )  7 (2 4 3 .4 3 z ) -  (41274)^
. . rhe equation o f the best f/'tt/ng  straight line /s fo u n d  to he :
d = - f S . Z  + 2.h6X^
I n  t h e  f o l l o w i n g  f i g u r e  [ o g - n o r m a (  p l o t  o f  t h e  C g c / e  / i ^ e s  /j s h o w n
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Cycli > Li /es. N
2'10- 5̂ 10' 10" 2'10' S»10'
LOG-NORMAL PLOT OF 010-BOLT LIVES
th e  corre la tion  coeffic /en t o f  the best f i t t in g  Line is computed t>y the 
following fo rm ula
r  =
r = __________7 ( 2 0 . ^ 2 5 ) -  ( 4 f - 2 7 4 ) ( 3  5 ) _______________
[ [ 7 ( 2 4 3 . 4 3 2 (4l.274f][7(2.2é20^- (3.5f]j ̂
= 0.47j7
S am p le  Co lcu ia tions o f  WeJbuU Ariaigsis fo r  y>io Bolts
Usm g the some data  os in the log- normal onalysis the table be/ow is 
p re p a re d
Test
No





Median R an k




I 5 . 3 0 0  >‘ 70^ 73. 787 /7J. 7J9 0 .0443 - 2 . 3 / 2 . 3 0 . 4 7 4
Z 6 4 3 2 > 7 0 ^ 13. 3 8 3 174.705 0 .1 2 4 5 - 1 . 3 4 4 _ 17 .4 8 7
s 7. 4 3 0 ‘ 70^ 73. 5J8 782.736 0.36 48 _ 10.674
4 7 473x70^ 13. 5 4 0 7 8 4 .6 U 0. 5000 . 0 . 3 6 7 _ 4 488
5 g. 4 4 6 - /0 ^ ' 73 éS3 786.4 Oil o. 6352 0 .008 Û 114
G 4 0 .2 4 3 - 7 0 ^ 73 844 447.656 0. 7 7 o 5 0 .3 8 7 5 .3 5 8
7 70 .5 3 S - 70^ 13 86 i 142.321 a  4 0 5 7 0 .854 // 415
Sum X = 4 5 .0 3  7 4240.644 3 .5 - 3 . 6 5 8 -  46.741
I n  O r d e r  la  f i n d  th e  b e s t  f U t i n g  s t r a ig h t  l i n e  o f  th e  f o r m
y=
th e  c o e f f ic ie n t s  a n d  Q/ o re e u a /o o t e d  by m e a n s  o f  the fo llo w in g  f o r m u /o e  ■
Q ^ Z Y  E  X Z X Y  ^  ( i Z  4 0 .6 ,4 4 ) ( -  3. S 5 2  ( 4 6  0 3 7 ) { -  4-6.741) _
nZX""- CZX)^ 7(i2f0.b4-4)- (45.037)̂
Q. - 7?ZXY -  XX Z Y  
tjXX^ - CXX)-̂
7 (- 46 741) - (45. 037)1- 3. 558) 
7( 7140.644)-(45.027)̂
=  4- .3 é
The equat ion  o f  the  best f i t t m g  s tra ight hne is f o u n d  to be ,■
Y= 5 4 7 2 +  4-36 X
In the fo/lou^ing f ig u re  'We/bu/l plot o f  the eyc/f /iuej /s jh o u n  together
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Cycl 2 Li /es,  N
2-10" 5-10" 10 2-10“
WEIBULL PLOT OF 010-BOLT LIVES
5 - 1 0
The c o r r e lo t io n  c o e f f ic ie n t  o f  the b e s t f  l i t i n g  th ,e  /s  c o m p u ted  th e  
fo / lo w m g  fo r m u la
r= ? ? X X Y -  Z X Z Y
r = 7 ( -  4 6 -  7 4 1  ) -  ( 4 5 .0 2 7 )  ( - J. 5 S S )
f [ 7 ( i 2 4 0 . G 4 4 ) - ( ^ 5 . 0 3 7 ) ^ ] f  I  ( 1 7 1 8 ) - ( - 3 . 5 5 8 ) ^ ] j  ' 
r  — 8 /,
= O. 428
APPENDIX D
D E RI V A T I O N  OF E Q U A T I O N  9.13
S t a r  tiny  fro rn  the O r / y m o i  J e f f e - 's o n j  ETyuQéion
' So, = ------------   0 .1
 ‘fâJ.___
St ~Sm L o y ( N - h Q )
R e o r r a n y in y  i t  f o r  Se.
5, = Sa-Sa — ^   ^ - 0.2
t o y ( N + B )  S i - S m  lo y (N + Q )
&  -------------l = Sofl___^ --1 0.3
/ St-5m loy(N+B) \ / loy(N+a) j
7 ^ tut 3) ]Se =   A i o g i N + ) J  0 4
y _  Sq
S t —Sm lo y ( N + B )
J- S o [ lo g ( U + 3 ) - lc ^ a ]  / f l o ÿ ( N  + 3 ) \
(St-Sm)[l0S(î -i-e)-SQ (oÿ^/tSt-Sn,) to j(N 4 B )
C o n c e llln y  lo y (N + f3 )  in  e yu a t/'o n  Ù.S th e  fo llo \w /ny is  o h ta in e d  :
y  ^  Sa (5 t-S m  ) [ to g (N + 8 ) -  l o g s ]  0 .6
(S t-S m ) ' tl>S -  5 c - to y  B
R ep loc iny^  05  th e  L o u n c fa ry  c o n o tit/o n s^  {h e  c o o rd in a te s  o f  {h e  {(wo 
p o /n ts  , R (S o n ,h J i)^  ^ (S o j.R ? )  On the  sam e cu rve  in to  Û.6 :
F o r PASc .N ,)  0 .7
(S i-5 m ) ' {oy (N 4+ Q )-S o f lo y B
F o r P ^ i S o e . N f ^  Û 8
(S {-S m )'{oy(N ^^.Q ) -  So2 toyS
D/U 'Cfny D y hy D &
y  [S a i (Si -5m) log (n! + a] -  Sot (5( -5m) log ^{S{ -5m ) log(Nib/i)- S02 cag ^  ̂
[(SE -  Sm) loj(N,ui)- So, loÿfhf^ozlSt-5,„) ios(NuB)- So„ (s,-5„) hs/î\
R é  C rrûng/ng D. 3
SûiCSf. - Sm) log (Ni-i Q) log (Ny.(. q ) ̂ Sqi Sqz (St-Sm) log3 log(N, + 3) —
Sû/(Sé - Sm) log log s + Sqz (5^-Sm) ̂ og 3  =  SoiSaz (S^-Sm) lof S 4-
Soz(5t-Smf tog( Nf-f-3) log(N2 + 3)- Sûz(S^-Sm) loglN^vS) log ô -
Soi Sû2(Si-Sm) log (dî -ii) log S ù.iO
After cancell.ng and t'carrûnging
(S o i ^ S û 2 ) { S t - 5 m )  J-^SCRi-lS) log(N^-hô) -h 5o2(Sf.~ Sm~ Soi )  tog (N ,+ /i) logB 
— Sot C$t-Sm - 4i»2 J 1^9(^^4■(■ 3) =0 (9.13 )
is f/nol/y ohtûined.
